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Abstract :

Motivated by the quantum hall effect, we study N two dimensional interacting fermions in
a large magnetic field limit. We work in a bounded domain, ensuring finite degeneracy of the
Landau levels. In our regime, several levels are fully filled and inert: the density in these levels
is constant. We derive a limiting mean-field and semi classical description of the physics in the
last, partially filled Landau level.
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I Context and result

1.1 Model

We consider a system of N interacting fermionic particles in two dimensions. They are placed
under a homogeneous magnetic field perpendicular to the domain. In this context the kinetic
energy of the particles is quantized into discrete energy levels called Landau levels, separated by
a finite energy gap. This problem has initially been studied by Lieb Solovej and Yngvason in
[15], [16], [17], [18], [19] and more recently by Fournais, Lewin and Madsen in [4], [6].

Our goal is to study the mean field and semi-classical limit under high magnetic field so
the Landau level quantization plays an important role. This setup is related to that of [15]
where three regimes are studied. In the first one, the energy gap is small with respect to the
potential contributions in the energy so particles occupy all Landau levels and a standard
Thomas—Fermi model is obtained in the limit. In the second one, the energy gap is comparable
to the potential energy terms, particles optimise both their Landau level and their position in
the potentials and the limit is a magnetic Thomas-Fermi model. For the last scaling, the gap is
large compared to the potential energies so all particles occupy the lowest Landau level and the
limit is described with a classical continuum electrostatic theory in this level. We want to deal
with the intermediate situation where only a finite number of Landau levels are completely filled.
Precisely, our result is a limit where the q first Landau Level are fully filled, the next Landau
level is partially filled with filling ratio » < 1 and all higher Landau levels are empty. We also
provide a model for the physics in the partially filled Landau level. This setup is physically
motivated by the quantum Hall effect which mostly takes place in a partially filled Landau level
while lower Landau levels are filled and inert, and higher levels are empty, see [10].

In this perspective we want to fix the limit ratio of the number of particles to the degeneracy
of Landau levels. On the whole space R? this degeneracy is infinite. To ensure finiteness of
the degeneracy of the Landau levels (see Subsection I1.3), we work on a bounded domain. For
simplicity, we would like to consider a torus with periodic boundary conditions. But, in the
presence of a magnetic field the periodic boundary conditions must be modified. This is a
well known issue, for example see [10, Section 3.9|. As explained in Subsection II.1, we define
magnetic translation operators to ensure commutation with the magnetic momentum. These
magnetic translations operators define the so called magnetic periodic boundary conditions.

— Notation I.1: Model

We work on the domain 2 = [0, L]? of fixed size L > 0. The one body kinetic energy
operator, also called magnetic Laplacian, is

Sy = (ihV + bA)? (1.1)
We work in the Coulomb gauge:
V-A=0
where A € C° (R?,R?) is the vector potential. Identifying R? with R? x {0} = R®, we assume

V A A=(0,0,1) (L2)




b is the magnetic field amplitude with associated magnetic length

h
ly = Al
b b

We identify R? with C and use complex notation for the variables (z,y) € R? namely
(z,y) =z +iyeC
Let zg € C, by (1.2)
VA(A—A(e—2)) =0
so we can choose ¢, € C” (R? R) such that
A— Ao — 29) = 2V, (L.3)

For some usual expressions see (I1.3) and (IL.4). As detailed in Subsection I1.1, for ¢ € L*(Q2)
the magnetic periodic boundary conditions are

L i) = i (L+it) it
vie[o,1], { YL T ) = entE(i) (1.4)
Y(t +iL) = e trilly(t)
and the domain of the magnetic Laplacian is
Dom (Zp4) = {t € H*() such that (I.4) holds} (L5)
Now, the N-body Hamiltonian is
N , 9
Hy = Z <(ihvz]. + bA(z;))" + V(xj)> N1 Z w(x; — xy) (1.6)
j=1 1<j<k<N

acting on the space of N-body fermionic states

L2 (") = N L3(Q).

We denote T :== R?/LZ?. V € L*(T) is the external potential and w € L*(T) the interaction
potential assumed to be radial for the metric on the torus:

w(x —y) = w(d(z,y)) with d(z,y) = H}_}% |z —y + 7]
re

The domain of the N-body Hamiltonian (1.6) is

N
Dom (%N) = /\ Dom (gh,b)
We define the N-body ground state energy

By = inf {(Yn|sn) , n € Dom(s#y) such that [[¢nl|. = 1} (L.7)



There are N(N — 1)/2 interacting pairs of fermions. Thus, we divide the interactions term
by (N — 1)/2 so that the order of the contribution coming from interactions is O(N) and
comparable to the contribution coming from the external potential.

As we will see in Subsection I1.2, the self adjointness of the magnetic Laplacian and the
existence of its eigenvectors require the magnetic field flux bL? going through the domain to be
quantized in multiples of 27h:

b, LA
dd < N such that 27rd=ﬁL :l_2
b

In Subsection II.3 we will explain that d is the degeneracy of Landau levels. Now, we can fix
the number of filled Landau levels by choosing a scaling for which the ratio N/d is fixed.

— Notation 1.2: Scaling
We take Planck’s constant to be a sequence h == (hy) yy Such that
N2 «h« Ni (1.8)

Let ge N, € [0,1),b:= (by)nen be such that

L2
d=—— c N* 1.
2ml? . L2
and
N 1
ENiOOq+7’+0 (%> (I.10)

# where E* := F\{0} for E c R.

q will give the number of fully filled Landau levels and r the filling ratio of the (¢ + 1)™"
Landau level. Note that the lowest Landau level index is 0 in our convention. With this notation,

N 27N g L 0N
= — n _—= — ~ B —————
d - L2 Nl T BT RN Se (gt )L

(L11)

With this scaling, we find that the order of the magnetic field is b = O(AN). It is known (I1.10),
that the order or the kinetic energy is

hb = O(R*N) » 1 (1.12)

The kinetic energy contribution needs to be of leading order compared to the potential terms if
we want to impose the number of filled Landau level and this is true if and only if

2N > 1

hence the lower bound in (I.8). The upper bound & « N ~1 is necessary in our approach to
control some error terms coming from the kinetic energy. This is also the reason why we impose
the convergence rate in (1.10). This scaling is a semi-classical limit because Planck’s constant
goes to 0.



1.2 Semi-classical limit model

In the limit, we obtain a semi-classical model where the energy no longer depends on the wave-
function but on the density in phase space. This comes with a non linearity in the interaction
term. The phase space is N x 2. This means that particles have two degrees of freedom: the first
one is n € N the quantum number representing the Landau Level index and z € {2 representing
the position of particles in space. In classical mechanics, one can think of x as the center of
the cyclotron orbit of the particles and n as the index of the quantized angular velocity of the
cyclotron orbit. This model is semi-classical in the sense that the Pauli principle still holds as a
bound on the density.

— Notation 1.3: Semi-classical functional

We consider the measure on phase space

n = (Z 5n> ® Aa

neN

where \q is the Lebesgue measure on Q. For m € L' (N x Q,R), define

Esenn [M] = J E,m(n, R)dn(n, R) + J Vmdn + f wm®dn®? (I.13)

NxQ Nx (Nx Q)2

where, as we will see in Section II,

1
E, = 2hb (n + §> (1.14)

is the energy of the n'* Landau level. Define the semi-classical domain

1

CEESTE (1.15)

D,. = {me L' (N x Q) such that fmdnzlandogmé

NxQ

and the semi-classical ground state energy
o .
% Esc,hb : mlen'Dfsc SSC,hb [m]
We then define the model for the partially filled Landau level that only depends on the
density.
— Notation 1.4: FElectrostatic model for the partially filled level

Define

Eqrrlp] = | Vp+ || w(z — y)p(z)p(y)dzdy (1.16)
Jor]l




with domain

1
D1 = e L' hthtf - d0<p< ——+ .17
qLL P ( ) suc a P q+7’ an P (q+7”)L2 ( )
)
The associated ground state energy is
By, = ’L%anL EqLL
We define the following energies:
2 2
q +2qr+r q ¢+ 2gr f
E¥ = ——— Elf=———+ |V ElM = ———
qg+r v (Q+7")L2f v T gl )"
02
Let p € D11, define
1
mpy(n,z) =1 +1,-,p(2) (L.18)

"L (g )

m, is a phase space density constructed with the gL L lowest Landau levels saturating the
Pauli principle in (I.15) and (I.17) and with the density p in the partially filled Landau level.
The ratio of particles in the partially filled Landau level is

r

q-+r

This corresponds to the normalization constraint in (I.17). With this we see that the Pauli
principle is indeed the correct bound on the densities to have

f mydn =1

N x )

A direct computation shows that
Esen [Mp] = ROEY + EL" + EL" + &, [p] (I.19)
where
e hbE?" is the kinetic energy contribution from the ¢ + 1 lowest Landau levels
e B is the external potential energy contribution from the ¢ lowest Landau levels

e F27 is the energy contribution from interactions between the ¢ lowest Landau levels and
the interactions between the ¢ lowest Landau levels and the (¢ + 1)th Landau level. In
other words, it contains all the interactions except those inside the partially filled level.

If w has a non-negative fourier transform, this functional is convex and thus has a unique
minimizer. For example, with V' = 0, the minimizer is

‘
el PR
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1.3 Main results

We can now state our main result:

Theorem 1.5: Mean field limit with magnetic periodic conditions

With the definitions introduced in Notation 1.1, Notation .2, Notation 1.3, Notation 1.4,

EO
WN = BOET + BV 4+ BT+ Exp +o(1)

This means that in the limit, the first order in the quantum many body energy per particle
is the trivial energy hbE?". Then for terms of order 1, the only non trivial contribution to the
energy are the external potential term and the interaction term inside the partially filled Landau
level. The lower Landau levels are totally filled and therefore their contribution to the energy is
constant. The interaction of the partially filled level with all other level will also be a constant.
For higher Landau levels, their contribution to the energy is null because they are totally empty.

The regularity assumptions on the potentials are not minimal, we expect this result to hold
true if potentials have an L' positive part and an L? negative part. Under these assumptions,
one needs to prove that the particles will not concentrate in the L' positive singularities of the
potentials. This has been done in [15] for the repulsive 1/ |z| Coulomb potential. We will not
deal with this issue in this paper.

The number of variables of the densities is going to infinity in our limit, thus we look at
reduced densities.

— Notation 1.6: Reduced densities

We denote LP the set of p-Schatten class operators along with ||e|| ., the p-Schatten norm.
Let vy € L' (L2 (QV)) a positive operator of trace 1. We call such an operator an N-body
density matrix. We will denote in the same way operators and their integral kernel. We
introduce compact notation for lists:

l:n=(1,...,n) Tip = (T1,...,Ty)
The density associated to vy is
pyn (Z1:N) = Y (T1.N, T1)

Let Tr; be the partial trace that traces out coordinates in I < [1, N] of L2(2)®V, it is
defined as the linear operator on £ (L* (QV)) satisfying

YAy € £ (I3(Q)) , Tr, [Q]i) Ai] = Tr [@ A

el

®4

i¢l

Let 1 < k < N, we define the k™ reduced density matrix associated to vy by

7 = Trpsn [yw] (1.20)

with the convention that %(VN) = yn. For an N variables symmetric density py we denote

pgl\f) its k'™ marginal. If one starts from ¢y € L? (Q") we use the notation

Yoy = ’wN> <wN|




l PN = Pyyy = |¢N|2 (1.21)
Note that with this notation

pw = Pl (1.22)

The domain €2 is a locally compact metric space, the set of Radon measures on it is the
dual of continuous and compactly supported functions

M(Q) = Co(Q)*

In our case, since 2 is compact this is just the dual of continuous functions. We denote M (Q)
the set of positive Radon measures. Let P(€2) be the set of probabilities on €2

P(Q) = {u e M.(Q) such that u(Q) = 1}

On this space the weak star topology is metrizable using a Wasserstein metric [13, Section 7.12].
Moreover P(€2) is also locally compact [14, section 17.E|, thus it is possible to iterate and define
the space of probability measures on P(2) namely P (P(Q2)).

Now, we have the following theorem for the convergence of reduced densities:

— Theorem 1.7: Densities convergence with magnetic periodic conditions

With the definitions introduced in Notation 1.1, Notation 1.2, Notation I.3, Notation 1.4,
Notation 1.6, if (¢n) is a sequence of minimizers of (1.7), then 3y € P (D,1) such that

e 1 only charges minimizers of the limit energy functional (1.16)

e Yk € N*, in the sense of Radon measures

= | <%+p)®kdu(f)) (1.23)

YN N q+r)

DyrLrL

The density of particles converge to a convex combination of densities of the form

q

——+
L2(q+) P

From the Pauli principle in (I.17) we see that the constant term in this expression corresponds
to particles in the ¢ lowest and fully filled Landau levels. Then the density of particles in the
partially filled Landau level is given by a minimizer p of the limit functional (I1.16).

1.4 Scaling

Another way to obtain the scaling in Notation 1.2 is to observe that we have two characteristic
length-scales:

L

e —— measuring the mean distance between particles

VN
10



e [,, the magnetic length, which, in classical mechanics corresponds to the radius of a
cyclotron orbit. Due to the Pauli principle, [, will be the order of the minimum distance
between particles inside a Landau level. More precisely the Pauli principle takes the form
of an upper bound on the density in phase space.

The square ratio of these length is

2 p
Lo (1.24)
N2 hN

If this ratio goes to zero, the mean distance between particles is very small compared to the

minimal length-scale between two particles in a fixed Landau level. This implies that the

particles must fill many Landau levels and this corresponds to the scaling in [15] where the

energy gap between Landau level is small compared to the potential terms.

If this ratio goes to infinity, the mean distance between particles is very large compared to
the minimal length-scale between two particles in a fixed Landau Level. As a consequence, all
particles can be placed in the lowest Landau level and this corresponds to the regime in [15]
where particles only occupy the lowest Landau level and do not feel the Pauli principle.

In the limit we study, we see from (I.11) that the ratio (I.24) has been fixed to be

L2 2m
N2 N—og+r

(1.25)
in order to fill a finite number of Landau levels. In our limit we fixed L and took [, going to
zero, but one can also ensure (1.25) by fixing a magnetic length [, > 0 and taking a domain

length L going to infinity as

L=-2L (1.26)

(1.27)

Those limits are equivalent in the sense that the N-body Hamiltonian (1.6) is unitarily equivalent
to

N -1

j=1 1<j<k<N

%%N,T %(Z (61, + b, Ac () + Vele)) + s S wf(xj—a:w) (1.28)

Al = lA (Te) b, = T2b V=71V (1) wy = Tw (Te)
T



Moreover if one chooses

1
A= Arum V(x)zg*m

then the vector potential and the interaction potential are not rescaled :
A=A W,y =w

If we assume that the external potential is generated by a background charge density o € L'(Q)
it transforms as

1 1 1
Vi(z) = fw(m —y)—dy = J T20(7 (y — ) —dy = 07 * —
vl lyl |z
: o]
The re-scaling preserves the total charge
J o-dx = Jgdx
prp °
and
v 1 2
. 2
SN = Z ((thVj + b, A(z;))" + pr * m) +t N1 Z w(z; — xx)
j=1 1<j<k<N

We conclude that our initial scaling is equivalent to a thermodynamic limit.

I.5 Organisation of the paper

The next two sections contain preparations and necessary tools. Section II is about the
diagonalisation of the magnetic Laplacian (I.1). In Section III we define the orthogonal
projection on Landau levels and localise it in space, this will be the central object in the
definition of the semi-classical densities. Then we prove a Lieb-Thirring inequality in Section IV
to deal with L? potentials. The last two sections contain the proof of Theorem 1.5 and Theorem
[.7. In Section V we justify the semi-classical approximation and express the energy in terms of
semi-classical densities. Finally, in Section VI we prove the mean-field approximation giving
an upper and a lower energy bound. Section VII contains technical lemmas whose proofs can
safely be skipped by the reader.

12



ITI Quantization

In this Section, we recall the diagonalization of the magnetic Laplacian (I.1). We construct
an orthonormal basis of L?(Q) adapted to the Landau levels in terms of magnetic periodic
eigenstates of .23, (I1.15). This fact is already well known in the literature, see [11], [12] or
in [10, section 3.9]. Thus the reader may go directly to (II.15). Then, we will prove another
expression for the eigenfunctions in Proposition I1.7 using the Poisson summation formula.

I1.1 Magnetic translation operators

In this subsection we explain the definition of the boundary conditions (1.4).
— Notation II.1
Let zy € C, define the translation operator on u € L2  (R?) by

loc
T, u = u(e — z)
We define the magnetic translation operators as
To = €90 T, (IL.1)
They define the conditions (I.4) on 0. Let k£ > 1, the magnetic periodic Sobolev space is
HY,(Q) = {¢) € H*(Q) such that (1.4) hold}

We will use similar notation for other usual functional spaces where the subscript mp stands
for magnetic periodic and p for periodic. The domain of the magnetic momentum

c@h7b = 1hV + bA
is
DOHl(gZhJ)) = H,lnp(Q)

In Coulomb gauge, there exists ¢ € C* (R% R) such that the vector potential satisfies
— 0y
— ULl — Y
A=V—¢: (&cqﬁ) (IL.2)

For k > 1, H*(Q2) — C°), so the conditions (I.4) are well defined. For k = 1 they are
defined with the trace operator T" and g = T.

For some examples of Coulomb gauges, one can take the symmetric gauge:

| 2|2 1 i 1 ToY — Yo
¢sym 5= T ASym = §($,y> = 5(—y,x) Pzo,sym = Q—ZZ (IIS)

13



or the Landau gauge:

Yox

— I1.4

yQ
¢Lan = ? ALan = (—3/7 0) Pzo,Lan =

If we insert the Landau gauge (I1.4) in (I.4) we get the boundary conditions in Landau gauge:

W(L + it) = (it)

vt e [0, L], Lt
Yt +iL) =e b(t)

(IL5)

We here emphasize the importance of the flux quantization (1.9). We are able to impose magnetic
periodic boundary conditions in both directions if and only if the flux is quantized:

2

[0, 7i0] =0 7 € 2nZ
b

and in this case,
Vk =1, HE () = {¢j0, ¢ € Hf,, (R?) such that T, = 71 = ¥} (I1.6)

In view of (I.6) we will identify ¢ € Hf, (Q) and its extension on R? from now on. The magnetic
Laplacian (I.1) commutes with the magnetic translations defined in (1.3), (IL.1):

[P, T2 ] = 0 on Hrlnp(Q) and [Zhp, T2 ] = 0 on anp(Q)

I1.2 Landau Level quantization

This subsection is devoted to the usual formalism for the description of the magnetic Laplacian
in terms of annihilation and creation operators. More details about these operators and the
properties of Landau levels can be found in [3].

— Notation I1.2

We denote by 7, m, the coordinates of the magnetic momentum:

o _ (110 + DA _ ([
MO \dho, +04, ) T\,

and define the annihilation and creation operators respectively as

iy = Wi + iy < Wi
a= < —= a =2 —= I1.7
v 2hb v 2hb (L7

# and the number of excitation operator N :== ala.

The quantization of the magnetic Laplacian comes from the following commutation relations:

[, 7] = ihb (IL.8)
[a, aT] = Id (canonical commutation relation)
[T, 0] = [72,aT] = 0 (11.9)

14



and
Id
Zhp = 2hb (N + 5) (I1.10)

5, defines the Sobolev space (Dom (%), (e) ) with

X g = (Lhpx|¥)

which is equivalent to (H7,(€),{®);:). The quadratic form defined by (e), is continuous,
Hermitian and coercive on Dom (%}, ;). Thus .2 is a closed positive self-adjoint operator and
the embedding

Dom (fmb) — L2<Q>

is continuous and compact.

anp(Q) contains the smooth and compactly supported functions, so it is dense in L?(2).
We can conclude using the Lax-Milgram theorem |2, Corollary 4.26] that the resolvent of %,
is well defined and compact. Applying the spectral theorem to the resolvent of %%, proves
that its spectrum is punctual and L?(f2) is a Hilbertian direct sum of eigenspaces of % ;. The
same conclusions also holds for the N-body Hamiltonian (I.6) since the magnetic Laplacian is
of dominant order in it. N inherits the properties of Zp and it is well known that

sp(N) =N

Notation I1.3: Landau levels

We define the n'” Landau level as the eigenspace associated to n € N:
nLL = {¢) € Dom (%) such that Ny = ni}

The ground level, denoted LLL for Lowest Landau Level has energy Fy = hb.

The Landau levels are isomorphic and the operator a'//n + 1 is a unitary map from nLL
to (n+1)LL of inverse a/+/n + 1 [3]. This means that one can generate a basis of any Landau
level with successive applications of af on basis elements of LLL.

I1.3 Expression of the eigenfunctions
It is well known [3] that

é

LLL < ker(a) € O(Q)e %

where O(€) is the set of holomorphic functions and ¢ is defined in (II.2). This proves that the
zeros of ¢ € LLL are given by the zeros of a holomorphic function. Since zeros of a holomorphic
function must be isolated, the compactness of the domain implies that eigenfunctions have
a finite number of zeros. Actually, this number of zeros is d defined in (1.9), and therefore
independent of the state, see [11, section 1] as a reference.

15



Notation 11.4: Theta functions

Let 7 be a complex parameter in the upper half plane, we define
9(27 7_) - Z €i7er2+2i7rkz
keZ

Following the proof of [12] or [22, Chapter V Theorem 8|, the Landau levels have a finite
degeneracy and

Vn € N, Dim(nLL) = d

With a direct computation we can express the eigenfunctions of the magnetic Laplacian (I.1) in
term of theta functions. The following family, indexed by [ € [[0,d — 1]], is an orthonormal basis
of the lowest Landau level in Landau gauge:

- 2imhd % — L (y+hL+1%)*
n(2) = Tt tE 3 ap (1R ) (IL.11)
keZ
i S LR D Y 7
- TRy (42 i) (IL.12)
b

One can check that the above eigenfunctions satisfy the boundary conditions (II.5). Using
(IT.11) we observe the L-periodicity along the real axis. Along the imaginary axis we increment
the index k by 1:

1 2
) T4 . 2 2irkd 2 — Ly (y+(k+1)L+1Z i
Yo (z +iL) = TIT 2L E e 215( i) _ e~ 2T qhoy(2)
E keZ

and obtain the magnetic periodic boundary conditions in Landau gauge (II.4). The lowest
Landau level is then generated by successive magnetic translations. Indeed if [ € [[0,d — 1],

!
Yo = (T,Z%) Yoo = T,il%¢oo (IT.13)

In order to obtain a full basis of L?, we only need to apply successively a' to generate the
Landau levels and 7_; L to generate the eigenfunctions inside a Landau level. The successive

applications of a bring out Hermite polynomials.

Notation I1.5: Hermite polynomials

For n € N, we define the n'* Hermite polynomial by

2 d " 2
H, = (-1)" " [ — - I1.14
iy (4] ¢ (14)

Using this, a direct computation shows that the following family indexed by (n,l) €
N x [[0,d — 1] is a Hilbert basis of eigenfunctions of %}, in Landau gauge:

Yy = % (7'_,5)[1/100

16



VIl b

with the normalization factor

e 1 L 2inkd® — Ly (y+kL+1L)>
= - QZWZZ Z Hn <_ ly = kL aF la]) e L 21y <y+ + d) (1115>
kezZ

o wii/ﬂ (7§>

As expected with our boundary conditions the modulus of the eigenfunctions:

c 1 L 2irkdZ — Ly (y+hL+i%)’
— N H, (-~ kL +1— Lo ¢ I1.1
le];Z (lb [y-i— + d])e b (I1.16)

is periodic on the lattice LZ2, but the periodicity along the real axis is even shorter. Indeed we
see in (I1.16) that |¢),,| is L/d-periodic in z.

an| =

We can write another useful form of equation (II.15) using the Poisson summation formula.
The advantage of the expression in Proposition I1.7 is the fact that the index [ is decoupled from
the polynomials and the Gaussian factors which is not the case in (II.15). This will simplify the
computation of the Landau level’s projector when we will sum over [ in (I11.4).

— Notation 11.6: Fourier transform

We use the convention

Fg(v) = g(v) = \/%Jg(:v)e_i”dg;

for which F is unitary on L?(R). And denote the Hermite function

(¥

xT

Py hn(x) = H,(z)e” = (I1.17)

In this convention the Poisson summation formula is

> g(k) = v2r ) g (2nk) (11.18)

kezZ kezZ

h., are the eigenfunctions of the one dimensional harmonic oscillator and of the Fourier transform:
Fhy = (—1)"hy, (I1.19)
with the following normalization
hnll2e = v/m2"n! (I1.20)

With this we are ready for the next computation (see Section VII):
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— Proposition I1.7: Poisson summation of eigenfunctions

In Landau gauge,

—ig — 24T % 1y_ 1
-t (g

. mi(=1)r2T"
(o =
Vn!

18



II1 Projectors on Landau levels

From the construction of an L?(Q2) basis adapted to Landau levels, we define the projectors on
Landau levels in Notation III.1. Since the phase space is N x () we also want to localise the
projectors in space. Then we prove some properties of the projector that will be needed for
the semi-classical analysis. In Proposition II1.2 we give an equivalent for the diagonal of the
projector’s integral kernel, and in Corollary II1.3 an equivalent for its trace.

III.1 nLL projectors
— Notation III.1: Projectors

The orthogonal projector on nLL is

d—1
Hn = Z |¢nl> <¢nl|
1=0

Let g € C*(R?,R;) radial with support included in the ball B(0, L/2) such that ||g||,. = 1.
Let A > 1, define the localizer g, € C*(T) defined by

Ag(\x) ifzeB(0,L
g)\(x) — g( ) ( 2>\>
0 else

Note that
lgallz2 =1
VX = (n,R) € N x Q, define the localised projector
HX = Hn,R 3=g>\(0 - R)HngA(O - R) (1111)

We assume the following scaling for A .= (Ax)n:

[NIE

N-
1« A« 5
¥ h

This localised projector was introduced by Lieb, Solovej and Yngvason in [20] and [21] where
it has been called coherent operator. We take the bounds (III.2) in order to have g =~ § so the
projector is well localised and

(111.2)

2
h—)\ = hbAl, <« 1
ly

This is necessary because hbAl, is the order of some error terms coming from the kinetic energy
(for example in Proposition VI.6). VX = (n, R) € N x Q,II,, and IIx are positive satisfy the
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following resolution of identity:

DI, = 1d, f xdn(X) = 1d (I11.3)

neN NXQ

II1.2 Integral kernels of the projectors

From Proposition I1.7, using

d—1

. p—k
e = A1, g (moda) (I11.4)

=0

and the notations (I1.17) and z = 1 + ix9, y = Y1 + Y2, the expression of the nLL-projector’s
kernel is

1 ,L‘ylyQ_xle

CUESE 1 L 1 L
Ma(z,y) = ———e & Y Hy(+|z +k—DHn (-l + L+I<;—D
et 1hnl72 Ll <lbl L L[ d

k,qeZ
i Y2=%2 4 o; Y2 _ 1 L)2_ 1 L2
2imk =A== +2imdq 21% (m1+kd) 21% (y1+qL+kd)

e (IIL.5)

The simplification for the sum in [ is the reason why we used the Poisson formula on
eigenfunctions. The argument does not work on the expression in (II.15) since the Gaussian
terms depend on [. If we consider the same setup on the whole space R? instead of €2, the
expression of the projector in Landau gauge becomes (see [10, Section 3.2]):

— LT Y . —Tox
1 _l= yl_,,_z m[lgy] +Z91y22122 1

_ 212
2
2rl;

b b b

I (2, y) :

The next proposition states that the diagonal of the projector’s kernel on €2 converges to that
of the projector on the whole space. This is expected since the limit is equivalent to a scaling
where the size of the domain goes to infinity.

— Proposition II1.2: Convergence of the integral kernel

The kernel (IIL.5) satisfies
1 C(n)
M(z,2) — — (I11.6)
‘ 2l ||~ Lb
Moreover with notation (I1.17),
b 1 ih! (u)) _ 2
2 z,z——-—f( " hy(w)e™™ du < C(n)b II1.7
Prat)e2) = g | (a2 mp
R L®©
©°

The proof of this result is purely about the convergence of some Riemann sums, see Section
VII. Finally, we compare the trace of II,, r to the trace of the projector on the whole space.
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— Corollary II1.3: Approximation of the projector’s trace

1
27rlg

_ C(n)

Tr [Hn7R] X lb

— Proof:

This is a direct consequence of Proposition I11.2 after integrating on z € {2:

| ) 1 1 1
Tr (11, 5] = JHn,R(z,Z)dz =2 ng,\(z — R)*dz+ O (E) = o + 0 (E)
¥ Q Q
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IV A Lieb-Thirring inequality

In this section we prove a Lieb-Thirring inequality for the magnetic Laplacian with magnetic
periodic boundary conditions:

— Theorem IV.1: Kinetic energy inequality

Let v € L1(L*(Q)) a positive operator, then for large enough b,

ol

[« Derng,o (v.1)
Q

Moreover if ¢y € L2 (QY) with |[¢n]2 =1,

) C
Hp %Tr[a%b’y and f [zh%] V]2 (IV.2)
Q
C
[t < e[ 102 ol av3)
Q2

This result is well known in the absence of magnetic field, see [8, Theorem 5.2]. We adapt
the proof of |9, Chapter 4] to magnetic periodic boundary conditions. To achieve this we prove
the following sequence of inequalities: a Kato inequality (Lemma IV.2), a diamagnetic inequality
for Green functions (Proposition IV.5), a Lieb-Thirring inequality (Theorem IV.6) from which
we deduce the inequality on the kinetic energy (Theorem IV.1). The reader already familiar
with Lieb-Thirring inequalities might jump to Section V.

IV.1 Reduced densities

We give here some usual properties of the reduced density matrices, see Notation 1.6. Let vy be
an N-body density matrix,

Tr [e%pN’}/N]

N Ty [(gm +V) %(V”] +Tr [m}?] (IV.4)

moreover, reduced densities inherit trace and Pauli principle from ~y:

k' (N —k)!
k k
Tr [%(V’] =1, 0<y < ——F— (IV.5)
We can also express the reduced density matrices in term of integral kernels:
”Y](\I;) (xlzkv yl:k) = f ’YN(-Tl:k, LTk+1:N; Y1:k, $k+1:N)d£Ek+1:N (IV-6)

QN—-k
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The reduced density matrices are symmetric under permutation of coordinates:

Vo € S, 7P (To(1:h), Yo(1k)) = Y (214 Y1)
and consistent:
Vq e [[1 : k]] ;’YJ(\?) (xl:q7y1:q> = f ’VN(xl;q,$q+1:k;y1:q7l’q+1;k)d5€q+1:k
Qk—a

Note that the densities pg’fv) inherit the symmetry and the consistency from the density matrices.

IV.2 A Kato inequality with periodic boundary conditions

One can look at [24, Theorem X.27] for a proof of the Kato inequality in the non magnetic case.

— Lemma IV.2: Periodic Kato inequality

Define the complex sign

() = m it u#0
0 if uw=0
Let u e C*(R) then |u| € H'(Q) and
1AV |u|| < | Pyl (IV.7)
Moreover if |u| is periodic, then
—h2A |u| < Re[s(u) L pul (IV.8)

in the weak sense on C°(€2), or equivalently, Vo € C° (Q2,Ry),

—7? f lu| Ap < fRe [s(u)Lpu] ¢
Q Q

— Proof:

1 1
57V |l = 5hV(@u) = Re [ahVu] = Re [@ (Y — ibA) u]
so taking absolute values

V |uf®
2

Define
ue = A/ [uf® + €2 € C2(Q,R%)
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Using (IV.9),
|hV \u|2‘
e —— <

ue

\hVue| |u£| ]@h,bul < |9”h’bu| (IVlO)

So Vu, is bounded in L?(£2,R?) and converges weakly to v € L*(€2,R?) up to sequence of ¢.
Let p € C* (int(2), R?), since ¢ € L? (2,R?) and 0 < u, — |u] < €

fv'apzlimJVue-cpzlimepr:f|u|V-cp
Q QO Q QO

so v = V |u| and the bound (IV.10) passes to the limit and we obtain (IV.7).
To prove (IV.8) we use polar coordinates

w = |u|e?
Let z € Q, if |u| (x) # 0, |u| is smooth on a neighbourhood V,, of x where |u| > 0 and thus

_ |l

Ve V |u| — V |u| pointwhise on V,

&

e’ = u/ |u| is also smooth and up to another restriction of V, we can invert the complex

exponential so 6 is smooth. Using Cauchy-Schwarz inequality
Re [s(u)Zhpu] =Re[e™™ (—=R*A + 2ihbA - V + ihb(V.A) + |bA|2) |u| €]
= — n*Aul + Re [ |u| e “h*Ae® — 2ih>V |u| - VO + 2ihbA - V |ul]
— 2hb|u| A - V6 + |u] |pA]?
= — B2A Ju| + Re [—ih? [u| AO + |u| B* |VO|*] — 2hb |u| A - VO + |u] [bA?
= —B2A |u| + B2 u| |VO)* — 2hb |u| A - VO + |u| [bA]* = —h2A |u]
Note that if u(x) = 0 then z is a local minimum of u, so

Auc(x) =0
Let ¢ € C° (2, Ry), since u, and ¢ are periodic
fueAgo = f(pAue > f AU, (IV.11)
o o 2u-T({0})
Now we take € — 0, u, converges uniformly to |u| so

Ju6A90 Hof|u| JANG) (IV.12)
Q Q

Using |u| < u,, when u(z) # 0,

2 2 2
JAN
PR .4 B cd e P O A —

U U u? Ue
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so (IV.11) implies that

4 A (IV.14)

Ue

JueAso> f @
Q Q\u=1({0})

With dominated convergence using inequality (IV.13),

J (,DMA |ul = J ©A |ul (IV.15)
Ue e
QN\u—1({0}) Q\u—1({0})

With (IV.14), (IV.12) and (IV.15) we have
[iae= | va
Q Q\u~1({0})

we can conclude that

_p? J lu Ap < — 1 J oA Ju] < J Re [s(w).u] ¢ = J Re [5(w).%5u] ¢
% Q Q\u—1({0}) Q\u—1({0}) Q

IV.3 Diamagnetic inequality

The diamagnetic inequality in terms of Green functions allows us to restrict ourselves to the
non magnetic case.

Notation IV.3: Green functions
Resolvents of —A2A with periodic boundary conditions and %3, are well defined for A > 0:
Goan = (Lp+ A Gy=(—hR2A+ N

Their integral kernels define the corresponding Green functions.
They have the following properties:
— Property 1V.4

Let z € Q, then Gya (7, ), Gy(z,e) € L?(Q2) and

1 1 ol
G/\(xay)ZGA@—y):G)\(y—x):ﬁ 2 k2+A€Zk( v >0

k:e@Z2
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— Proof:

2
The periodic Laplacian is diagonalizable in the plane wave basis indexed by k € %ZZ:
1 .
ex(z) = Zelk"”
Indeed
—RPA+ A=) (PR + ) lex) (exl
ke2rz2
SO
1 1 o
_ ik (z—y)
c2n

L
A change of index k == —k gives G)(x,y) € R. Let f € L*(Q), since G, f solves
(—R*A+ Nu = f,ue H(Q)
by the Lax-Milgram theorem, GG f is the unique minimizer of the following functional
T(u) = J (32 [Vul + Aluf* - fu) d
Q

Assuming f > 0, we see that J(u) = J(|u|) and conclude that G\ f = 0. This implies that
Gx(z,y) = 0. Finally,

—h2A+)\>)\and$h7b+)\>)\

SO

|Gl o < 5 and [|[Goan| e <

1 1
A A
5 and Gpan(z, ), Ga(e,y) € L2(Q).

Now we prove a diamagnetic inequality:

— Proposition IV.5: Diamagnetic inequality for Green functions

For all x € ©2 and for almost every y € €2,

|GbA,)\(xa y)| < G)\(J], y)
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— Proof:
Let ¢ € C*(Q), by definition

JGbA,/\ (z,0) (gh,b + )= Gpax (-ﬁ/ﬂh,b + Ao =
Q

so, in the distributional sense
(Lhp + A) Gpaa(z, ) = 6, (IV.16)

Let p e C*(R?, R, ) radial with support included in the ball B(0, L/2) such that ||p||,, = 1.
Let n € N*, define the localizer p,, € C*(T) defined by

n’p(nz) ifxeB(0,L
pn<x) — p( ) ( Qn)
0 else

Since p,, is periodic, the regularisation
Uy = Gpar(z, o) p, € C;O(Q)
Thus, equation (IV.16) becomes
(Bai+ Nt = 62 % pu = pule — o) (Iv.17)
We estimate
Re[s(uz) (Lhp + A) us] = Re[s(uz)pn(z — )] < pu(z — o)

Then we apply Kato’s inequality (IV.7) to u,, use s(u;)u, = |u,| and obtain

(=R*A + A) |ug| < Re[s(ug) Lhpus] + A |ug| < po(x — o) (IV.18)

in a weak sense on C°(€2)*.
Similarly as (IV.17),

(—h*A + N)pn * Ga(e,y) = pu(y — o)

Thus testing inequality (IV.18) on p, * Gx(e,y) € C°(Q2,Ry) we get
f el paly — 2)d= f pule = 2)pn + Galo,1) ()

With the changes of variables t .=t + z —y, 2 = 2 + x — y and Property IV.4,

|Grax(x, ®) * ppl| = pn(y prn 2)pn(z — )GA(t — y)dzdt

_ H 0B — 1 — 2l — ANCG — e
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=pp * pp * Gr(x,0) (22 — y) (IV.19)
If ¢, — ¢ in L?(Q), by Young’s inequality

o * n — @2 < |lon * (On — @)l 2 + llon * 0 — @l 12
|

<
< |pn||L1 llon — SOHL2 + [lon * o — SDHLZ n:’ooo

Let x € Q, with Property IV.4, after extraction of a subsequence, |p, * Gpar(x,e)| —
|Gpax(x,e)| in L2(2) so

|Goan(@, @) % pul * pu_— [Gran(@, o)
in L?(Q) and up to another subsequence almost everywhere. Similarly, almost everywhere
Pn * Pn * G)\(x7 .) - G)\(ZE, .)
n—0o0

So passing to the limit in (IV.19), for almost every y € €,

P 1Gran(z,y)| < Ga(z,22 —y) = Gi(y — 2) = GA(2, )

IV.4 Lieb-Thirring inequality

We add a constant to the Laplacian to ensure that the constant function has a non-zero energy.

— Theorem IV.6: Lieb-Thirring Inequality
Let V e L*(Q,R,),

Ty [1( frarrv)eo (Gro +1— V)] < 2L fV(x)de (IV.20)

— Proof:

We denote N, the number of eigenvalues of %, + 1 less than or equal to A. From [9, Section
4.3],

~Tr |14 11v)0 (G + 1= V)| = f Nad
Ry

Define the Birman-Schwinger operator
K A = WG(,A,,\\FV

and let B) be the number of eigenvalues of K, greater or equal to 1. We use the diamagnetic
inequality to restrict to the non magnetic case. Since Gya ) is positive, we can define its
square root. Using the arguments of |9, Theorem 4.4] we can deduce from Proposition IV.5
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the diamagnetic inequality for 4/Gpa x:
VGuan(@,y)| < v/Gx(,v)
Hence with Proposition IV.5,
& 3
‘GZ?A,A(x>y)’ = JGbA,/\(ma Z)\/ Grax(z,y)dz| < JG,\(%Z)\/ Gi(z,y)dz = G5 (x,y)
Q

Q

So taking m := 3/2 and using an inequality on the traces of powers (see |9, Theorem 4.5|),

Ny=B),<Tr[K{] <Tr [V%K;”V%] < fV(a:)m |G% a1 (@, 2)| da

Q

< JV(ac)m vz, x)d
Q
So we obtain

V()" GY (x, x)dzd\ (IV.21)

m——s

—T [1($h’b+1_v)<0 (Lhp +1— V)] < J
Q
The kernel of GY' is
RO=7 2 g
We use the integral bound for the sum

| 1
S e O [N S
Z(k2+)\)m +J(u2+x)m u
R

keZ

SO

TR (@ e ) DA e ()]

We estimate the integral

e 8 gy

R

28



with
1
m>— = I(m) = (1+u2)mdu<oo
R
Similarly
1/ L\™" 1 I(m)
G7(0) <+ (—) > — + 1
L2A2mn )2\ (k2 + ()" ) (k2 + (&))"
)\—m I(m) —m-‘rl
<—— e 2
L2 * 27th/\
1/ L\™" 1 I
+ ﬁ (ﬁ) f L2 mdu—i—f (m) —du
s 1
2 (2 G (2 (&))"
AT I(m) 41 1 1 _
<E SN —I(m)T (m— = | A
2 WhL)\ i (2h)? (m) (m 2) 4
gclggn/) Aferl

since A = 1. We need m > 1 for the integrals to converge. We use the same trick as [9]
changing the potential to

Wi(z) = max (V - % o)

Combining this with (IV.21) and the change of variable

pe V@ V@)
A 2
we obtain
cm) [ (. . AN
_Tr[l(ghyb+1iv)<0($ﬁ7b+1_V):|< 2 JJ)\ +1max<V(x)—§,0) d\dx
10
m (7 (2@
C(m) ( 2V (x "
) ( () )
O\ 0
cm) [ [ 2V 2V (@)
T T2 J (J " ( 1) > dp |d
0 \1
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JV f Ml) dp |dx

1

The integral in p converges if 3 —m > 1. To conclude we need 1 < m < 2 hence the choice
4 m = 3/2 is convenient.

This leads to proof of the Fundamental inequality of kinetic energy:
— Proof of Theorem IV.1:
With the variational principle and the Lieb-Thirring inequality (IV.20),
Tr[(Lhp + 1) 7] =Tr [(Lhp + 1= V) 7] + Tr V7]
> [l T |2, 1 )0 (Fho + 1= V)| + Te [V9]

2__CETH7ch~f f
Q

Then choose V == Cn1, <.py:

C "
Tr[(Zp+1)7] = Cn (1 - CN%) J Py’

pysc

The constant preceding the integral is maximal when

hQ
Oy im —
N2 [ oo
and we get
Te[(Fhp + 1)1] > h—2f 2 (IV.22)
AT RPN |

pysc
Since .ﬁ/ﬂh,b > hb,
Tr [ L py] = RO T[]

so because hb — o0,

1
Tr [(th,b a4 1) ’)/] (1 = %) Tr [3}:076’)/] < CTr [3}171{}/]

With this and monotone convergence we take the limit ¢ — o in inequality (IV.22) and
obtain (IV.1). Applying this to (IV.5), we have

L[ @ l; 2
%Tr[ h”’WN] >0 ’p v ||
2]

| |2
)
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For the second reduced density, by symmetry

¥ (] - [wr2]) - (| (S e - 5 B
- <wN (i L) - %iw( - w]>> ¢N>
S <wN i (Zhata) - guten—2) wN>
- <wN<m, . N (Shate - Frute =) e ->> do

f <1/)N:Eo Zefhbx,@/}]\f > Nf w(r —vy x.)dy dx
Q
Then using (IV.2) and then Young’s inequality,

Tr [thb%(z)lj\)f] — Tr [w’yﬁz]

i —wa(x—y) W dy|d
pr(aj’.) y L
)

>Nf Chb(N —J,WW@.

ZJ Chb Hpﬁ}im.) L fw(x — y)pfpl])v(“)dy dx
) Q

(1) 1 ?
)
Changing w to ew, dividing by € and using (IV.4) gives

c
pry o [0 + el
QQ

lwl|7, —i—QChprw

<2Chb‘

hb

To optimise in €, we choose € :=
[w]l 2

, we get

C

hb H,LU”L2

1 C
prff])v = (hbTr [gh b’YwN] + C) wll2 < %Tr ["gﬁvb%(plz\)/] ol .

02

because £, > hb. Similarly with Young’s inequality and (IV.2),

c
f Vil < T [ Bnl] IV,
9]
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V Semi-classical limit

In this section we introduce the Husimi functions representing densities in the phase space. The
fundamentals properties of these functions can be found in Property V.2. Then we prove that
the N-body quantum energy can be approximated by a semi-classical functional depending only
on Husimi functions in Proposition V.4.

V.1 Husimi functions
— Notation V.1

Let k € N* v, € LY(L?(92%)), recalling Notation III.1 and (I1.21) we define the associated
Husimi functions or lower symbol as

with X1 € (N x Q)*

k
Moy, (Xl:k) = Tr [P}/k ®HX1

i=1

Conversely, if m;, € L' ((N X Q)k), define the associated density matrix

= (2n2)* J my(X1.) ®de77 "(Xix)
(NxQ)k

We call my, the upper symbol of ~,, . We also associate a density to my:

P = Y, Mi(nige)

nlzkENk
we extend the definition (I.13) to Husimi functions, if k > 2

Ese.nb [Mk] = J Enmg)(n,R)dn(n,R)—i- J mG)dn+ J wml({)dn®2 (V.1)
Nx Nx (NxQ)?2

and we also extend (I.16) to p, € L' (QF):
Eqr [pr] = J‘/p;ﬁ” + pr;(f) (V.2)
02

If one starts from ¢y € L2 (QV) we use the notation

¥ Myy = Moy

For another discussion and further references about lower and upper symbols one can look
at |5, Definition 3.13]. The k-body Husimi function is the joint probability distribution for k
particles in phase space. Similarly as for (I.22), we have

(k) _ (k)  _
Moy =M, 0 and Py = Prnl®)
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We have the following properties for the Husimi functions, inherited from density matrices.

— Property V.2: Husimi functions

Let vy be an N-body density matrix, then mgy]fv) are symmetric, consistent and satisfy

N — k)
0 o N KR!
0<ml < ey + O (V.3)
| e = i), =1 (v.4)
(NxQ)k
P = (g% * plk) )
©&r

These are the usual properties for Husimi functions slightly modified here due to the
approximation in Corollary II1.3. The proof (see Section VII) uses the following translation
between reduced density matrices and Husimi functions:

— Lemma V.3: Relations between Husimi functions and reduced densities

Let i, € L' (L? (%)) be a positive operator, then m., € L' (N x Q)¥) and

Y ©
0<m,, < %(1 +O(ly)) f M, dnf®* = Tr [y]
b

(NxQ)k

Conversely if my, € L' ((N x Q)¥) is positive, then 7,,, € £L!(L*(QF)) and

k
0 < Yoy, < (2785) " Il e Tr [y ] = lImll pr + O(l)
Moreover if vy € £} (LQ_ (Qk)) and 1 < k < N, then

—k)!
) o (N =)

RIS WTY [vv] (1 + O (i)

V.2 Semi-classical energy

— Proposition V.4: Semi-classical approximation

Let ¢y € L2(QN), [[¥n]| ;2 = 1, the quantum energy can be approximated with the semi-
classical energy (V.1)

w = Esems [myy] + O (%Tr ["%’WJ(VUD + O ((hN)?) (V.6)
where
fO) = max (||g3 =V = V|| o, [|(60)®* * w —w|| ,) — 0 (V.7)

A—00

g
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The kinetic energy

L[]
will be bounded when we will take a sequence of minimizers of the N-body quantum energy.
Recalling (I.8) and (I.11),

bly = O (hNT,) = O (hN%) > 1
so with (IIL.2)

(hA)? <« B\ « b, « 1 (V.8)

Moreover, A — o so the error terms in (V.6) will be small.

— Proof of Proposition V.4:

With (IV.4) in mind, we start by computing the kinetic term. Inserting the resolution of
identity (IIL.3), we have

Tr [fmwfpl;] = J Tr [::%,b%(' — R)I,gx(e — R)%(/,ﬂ dn(n, R)
NxQ

Now, we use .2 11, = E,I1,, by commuting %, with g\(e — R) to obtain

T [Banf)] =T | | Bl dn(r. B)

NxQ

+ Tr %(;]3 J [-Zhp, gr(® — R)] I gx(e — R)dR

NxQ

— J Enmf;; (n, R)dn(n, R) + Tr 71(1}1]3 f [Zhb, g1 (0 — R)] gr(e — R)dR
Nx Q
(V.9)

We compute

[P, gr(¢ — R)] = iiVgx(e — R)
and

[Zhb, gr(®@ — R)] = [Py, gr(e — R)] - Py + Py - [Php, gr(e — R)]

= 2iliVgx(e — R) - Py — li*Aga(e — R)

= Py - 2ihVgx(e — R) + li°Agx(e — R) (V.10)
inserting this in (V.9), we find

T [ )] = | Bumll)n, R)dn(n, B)

N x
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+ 2iRTr | 7S Py - ng)\(o — R)ga(s — R)dR
Q

#1Ts |22 [ Aga(e ~ Rign(e - R)AR
Q

But because ¢ has a fixed L? norm and is periodic

ngA(. — R)*dR=0= 2ngA(. — R)ga(e — R)dR

Moreover

| 20r(0 — Bin(e = maR = — [ (V) = X' [ (Vg0 do = X[Vl (V1D

Q 9]
Therefore
T [ )] = [ Bl o R, B) - (00?191 (v.12)
Nx

If we take a k variable potential Vj, € L' (QF),

Tr [VkV;]jv)} = J fp]jg (xlzk;%;k) Vk(wlzk)dxlrk = fpl(bkzx)rvk
QF Q*

To express this in terms of Husimi functions we use (V.5):

T [Vial] = [0, Vit [ (68 - @)% - A2)

YN
QFk Qs

— fpff? Vi + f P8 (Vi = (g3)®% « Vi)

YN
aF (91

Thus applying (IV.4) and using (V.12),

[ Hat
—< N NN N) = Tr [(fh,b 4 V)fygjz] + Tr [w%(b?]
_ j E,m®) (n, R)dn(n, R) + f WOV 4 f 22w — (RN [Vl
NxQ 9] 02
R j dO[V—g@eV]+ j o2 [ — (62)%2 w w] — (hN)? [ Vg%
Q 02
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Using V,w € L?(2) and the fact that w and thus

(93)%% = w(z,y) = H E(R)E (e —y +t — 2)dzdt

only depends on x — y we can use the kinetic energy inequalities (IV.2) and (IV.3) to control
the errors terms:

(Un|HNYN)
N

< JPS])V [V-g V]| + prf,)v [w—(g3)% * w]
w QQ

+ (1A)? | Vgl 72

C
< T [ L | SO0 + (N2 1Vl

— Esenb [Myy |

and we have

fA) = 0
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VI Mean field limit

In Section V, we went from the quantum N-body energy to the semi-classical energy (V.1)
(Proposition V.4). The last step needed to obtain the limit models (I.13) and (I.16) out of (V.1)
and (V.2) is to remove correlations. Indeed we see that for m e L' (N x Q) and p e L'(Q)

gsc,hb [m®2] = gsc,hb [m] quL [P®2] = quL [P]

For fermionic states there are always some correlations due to anti-symmetry. Therefore the
objective of this section is to prove that all other correlations are negligible, that is to say
justifying the mean field approximation. The main tools are Lieb’s variational principle (Theorem
VI1.4) for the energy upper bound in Subsection VI.1 and the De Finetti Theorem VI.10 for the
lower bound in Subsection VI.2.

V1.1 Energy upper bound

In this part we prove the energy upper bound:

Proposition VI.1: Upper energy bound

0
E—]\]fv < ROET" + EY" + EL" + €11 [p] + RDO (1 — d(q]:; r)) + O (f(N) + O (hbAl)

g

For this result, we use Hartree-Fock theory, meaning we restrict the energy to Slater
determinants. Computations are simplified by Wick’s Theorem VI.3. Hartree-Fock theory can
be extended to general one body operators (see Notation VI.2), and using Lieb’s variational
principle (Theorem VI.4) one can show that the theory still provides an approximate upper
bound for the N-body quantum energy (Proposition VI.5). Then we conclude by approaching
the semi-classical energy with the Hartree-Fock energy (Proposition VI.6).

— Notation VI1.2: Hartree Fock theory

Let s,t,u,v e L?(Q), if one define the exchange operator on £ (L? (Q?)) as
Ex|s®t) (u®u| = |s®1t) (v®ul (VL.1)
Let v e L' (L?(Q)), define

n

Define the Hartree-Fock energy

% Ear [7] = Tr[(Lap + V) 7] + Tr [wr,] (VL3)

With Wick’s theorem definitions (VI.2) and (VI.3) are actual statements for Slater determi-
nants.
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Theorem VI1.3: Wick’s theorem

Let ¢y = e L2(QY) with (¢;); an orthonormal family, then

1
NGyl /\;\[:1 ?;

m_ 1y
Vo = NZ i) (]
=1

1

&= 1-B) ()" = s 5 16:06) (698 — & 8 6
7¢N_N_1 TN _N(N—l) ? J ? J J ¢

i,j=1

Thus for a Slater determinant -,
Wy _.®
(7¢N>2 = Tyn
and the Hartree-Fock energy is exactly what we obtain for the quantum N-body energy:
£ N ) % 174 (1) T (2)
HF | Yy ! ( hb T >7¢N AT WYy

Lieb’s theorem [23| extends the usual variational principle for operators of the form (VI.2).

— Theorem V1.4: Lieb’s variational principle

Let v e £ (L?(Q)) satisfying
Trfy]=1 0<y<-
I = x X A7
g TSN
there exits an N-body density matrix vy and a positive operator Ly such that

1 2
71(\/):7 %(v)=72—L2

We start with Lieb’s variational principle to get an energy upper bound in term of the
operator 7. An important remark here is that we don’t assume that the interaction potential
is repulsive to get the upper bound as it is usually done when dealing with Lieb’s variational
principle. The reason why we were able to relax the assumption w > 0 is independent of our
specific model and comes from the fact that L, looks like an exchange term in the mean field
limit since (see (VI.8))

|
Tr[Ly] < ——
il < 5

Hence the contributions coming from this term in the computation (VI.6) will be treated as
error terms. Lieb’s variational principle has also been recently generalised in [1].
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— Proposition VI.5

1
Let v € £ (L?(Q)) such that Tr[y] =1 and 0 < 7 < N then

E? Tr [ %
WN <&ur[7] + %O (&)

— Proof:

First we prove a lower bound for the interaction term. Using The Gagliardo-Nirenberg
inequality for ¢ € L*(Q),

613+ < Can (19l IVl , + 16]12)

along with Holder’s, Young’s and Kato’s (IV.7) inequalities,
(V)] < 191l s VYOI s < IVl 19117 < Can [V Ile (19112 IV 11112 + 101132)

L
1
< Can IVl (5 190ls 1Pl + 101

) i)

| (thalwipa)| < J\w(l’ — )l [a(a, ) dzdy < |[wl| 2 J (A
02 Q

1
2
< Caw Vl,a (el + (14 1

So for 1y € L*(Q) ® Dom (%),

1
< Canlul,s [ (e1Pnamne i + (14 1 ) It )l ) o (V1)
9]
1
~ Cax lolls (el1® Pl + (14 1 ) Wl
Thus

<¢2‘ (CGN w2 € (IdL2(Q) ®$h,b) + w) ¢2> =Con |w||2 €)1 ® gzh,bw2||i2 + (Pa|wips)

1
>~ Can ol (1+ 1 ) Il
and
1
eCan ||lwl| 2 (IdLZ(Q) ®,§fh,b) +w = —Can ||w|| 2 (1 + 4€h2> (VL5)

Let vy and L be the operators in Theorem VI.4. Now we use (IV.4), and (VI.5):

E_?V <T1" [%N’YN]
N = N

=Tr [(,?h,b + V) ’yj(vl)] + Tr [w’y](\?)]
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=Tr [(Zhp + V)] + Tr[w (92 — La)] = Enr [7v] — Tr[wls]

1
<&ur (7] + Can ||w| 12 ((1 + 1 hz) Tr [Ls] + €Tr [ (Id12(0) ® %) L2]) (VL.6)

€

To conclude we need to estimate the error terms. If A is an operator on L%(Q) it follows
from (VI.1) that

Tr [(Idz2(e) ® 4) Exy®?] = Tr [Ay?] (VL7)

Indeed, if we decompose 7 in an orthonormal family:
v = A fws) (il
€N
then
Tr [(IdL2(Q) (09) A) EX’V®2] = Z )\i/\jTI' [IdL2(Q) ® A |UZ (9) Uj> <Uj () UZ|]
7,7€N

— Z AN T [(|us) (us]) @ (Aug) (ug])]

i,5€N

= > AT [ls) (g1 T [Alug) (wil] = D3 ATTe [A fug) (]

2,7€N ieN

=Tr [sz]
Taking A = Id;2), we obtain
Tr [EX’}/®2] ="Tr [72]
and since ~ is positive, with (VI.2) we can estimate

_ @] _ N p) 2 _ N N 2
Tr[Lg]—Tr[vg]—Tr[yN]—N_lTrh@ —EXfy@]—l—N_l—N_lTr[fy]—l
1

< L.
N1 (VL)

If € — 0, we can control the first error term in (VI.6) with

C

— VI.9
NGhQ ( )

4e

1
0 < <1+?) Tr[Lsy] <
For the second error term, using Theorem VI.4, (VI.2) and (VI.7) for A = %,

0 <Tr [ (Idpz(e) ® %) L2] = Tr | (1dz20) ® Zhs) (12 = 1% |

N

=7 T [(ldzxo) © Zh) (1 — Ex) %] - Tt [(Isz(Q) ® L) 753)]
N

R e

Tr [(IdL2(Q) (29) gm(,) EX’}/®2] —Tr [gh,bf}/]

41



Tr [«iﬂh,bﬂ - Tr [ofh’b’)/?] = Tr [gh,b’}/]

N -1 N -1 N -1

When the kinetic energy is minimised Tr [.Z% 7] is of order hb so we estimate the second
error term in (VI.6) with:

ehb Tr [gh,bﬂy]

0 < €Tr [(Idr2) @ Lhp) Lo] < C— (VI.10)
’ N hb
We optimise in € so the bounds in (VI.9) and (VI.10) are of the same order:
1 ehb 1 1 1 ehb 1
- — = N¥3—-0p(]1) —m — =2 = — =0l VI.11
N T N T Vb =) = g =W~y oW (VI

so (VIL.6) becomes

E?V<5 [v]+(1+
A N\HF7

Tl“ [,%h,b’}/]
hb

[-Z5.67]

) o) = garli) + =20 )

Recalling definitions (I.13) and (V.7), we now go from the Hartree-Fock energy to the
semi-classical energy.

— Proposition VI.6: Semi-classical approximation of Hartree-Fock energy

Let ng € N, m e L'(N x Q) such that Vn > ng,m(n,e) = 0 and

1
0<m< BN (V1.12)
then
Err [Ym] = Esein [m] + O (f(N)) + O (RbAL)
©&r
— Proof:

We start by proving that we recover the semi-classical functional from the direct terms. We
compute the kinetic term using the commutation relation (V.10) and Corollary I11.3:

Tr [ L pYim ] :27Tl§ f m(X)Tr L pllx ] dn(X)

N x 2

=2rl} f m(X)E,Tr [Ix] dn(X)

+ 272 | m(n, R)Tr [[Ghp, gr(e — R)] g5 (e — R)] dn(n, R)
_ f Eym(X)dn(X) + O(hbly)

NxQ
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+ 2nl2 f m(n, R)Tr [2ihV gy(e — R) P p1l,gx(e — R)| dn(n, R)
—2nl? f m(n, R)Tr [A*Agx(e — R)IL,g\(s — R)] dn(n, R) (VI.13)

Using (I11.6), 3€ : N x © — R such that

22T, (z,2) = 1 + [,E(n, x)
€(n, )| < C(n)

With (V.11),

—2nl? f m(n, R)Tr [A*Agy(e — R)IL,g\(s — R)] dn(n, R)

J m(n, R) (f Agy(x — R) (1 + [€(n,x)) gr(x — R)dx) dn(n, R)

NxQ

— (BN IVl [l — B, f m(n, R) ( f NAGOD)E M, o + R)/\g()\x)dx) dn(n, R)

NxQ Q
= (N2 (|Val 72 Imll o + (RA)? O (1) = O (kX)) (VL.14)

And by (IIL7), 3€ : N x © — R such that

i (n) + bg(n, )

Prplln(z,T) =
€(n, )| < C(n)

oml? f m(n, R)Tr [2ihV gx(e — R) P pllgxa(e — R)] dn(n, R)

NxQ

—4iml2h J m(n, R) (J Vor(z — R) (C(n)% + bE(n, R)) gr(z — R)dm) dn(n, R)

NxQ
—O (hbAL) (VL.15)

Inserting (VI.14) and (VI.15) in (VI.13), we obtain

Tr [Zh67m] = f E,m(X)dn(X) + O (hbAl,) + O ((hN)?) (VL.16)

NxQ
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Let k € N* and Wy, € L? (Q*), with the Fubini theorem

Tr [Wk”}/ = 27le J m Xlk Tr [Wk ®HX ] d77®k (X1 k)

1=1

%
(27le, J m®* (X1.x) JWIC T1:k) (@ HXi> (218, T1g) A1 dn® (Xog)
=y

(NxQ)F

:JWk(m:k) 1_[27rl2 J X)) x(x, z;)dn (X) |dzyg
QF

(NxQ)

= f Wi(21.1) H f m(n, R)gi(z; — R) (1 + [,E(n, x;)) dn (n, R) | dxy.

=1 (NxQ)

JWk )dx

k ng
+ Iy f Wi (z1.x) 1_[ Jgi(mz —R) Z m(n, R)E(n,z;)dR | dxy.y
i=1 n=0

m has finitely many filled Landau level so with the Pauli principle (VI.12), p,, € L*(Q2) and

Tr [Wirn®F] = f WipSF + O ([|[Wi — Wi+ (g3)®| ) + O () (V1.17)

Now we need to control the exchange term. It follows from (VI.1) that
Bxy2? (2,5 2,) = Y (2, )y (y, 2)

so with (VI.4) for v, € L*(Q) ® Dom (%) as an integral kernel,

| T [wExa ]| = Jw(fc =) (@, )| dady
02

1
<Cax lolls [ (e1Pnamla, s + (14 32 ) Iom(e o)1 ) do

Q

(VIL.18)

With an integration by part,

JHc@h,Wm(% ')||iz dr = f c@rz,lﬁm(% 0)(y) : @h,b%n(% o)(y)dxdy
Q 2
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_ j Dot (%) ) P @ 9y = f 6 ) Ea )y
02 02

_ f T2, 9) (SoiTn) (o, 2)dedy = Tt [Ty
QQ

Inserting this in (VI.18), using the cyclicity of the trace we get

1
e [wEx0f2]| = (1 [wbx7®]| <Co ol (¢ [Zhand]) + (1+ 17 ) o2

Cen ||lwl 2

1
N (eTr [-LpYm] + <1 + W) Tr ['ym]>

With (VI.16), Tr [Zpym] = O (hb) and using Lemma V.3, Tr [v,,,] = [|[m||.. + O(l) so the
choice of € is the same as in (VI.11) thus

Tr [wExy&?] = O(ly)

We conclude with (VI.3) and (VI.2) then (VI.16) and (VI.17) applied to V and w

N
Eur [Ym) =Tr [ Lo Ym] + Tr [Vym] + I

. 1T1" [WVSQ:I + N — 1TI' [wEX,YS?ZQ]
N
_ f E,m(X)dn(X) + prm T Jwﬂ? +O([[V =V (gd))
NxQ Q

02
+

NA_[ 0 (Jw = w = (63)%2]] ) + O (L) + O (hbAL) + O ((hN)?)

Recalling (V.7), the semi-classical energy expression (1.13), (V.8) and hbA » 1,

% Err [Ym] = Esen [m] + FN) + O (hbAL)

With the notation of Equation (I1.18), we would like to define a one body operator with
saturated low Landau levels:
L*(q+r
o= EIED [, (0T ()
QOxN

We need to prove that the direct term gives the limit model for qLL and to control the exchange

terms. But we cannot apply directly Lieb’s principle because with Lemma V.3 we have an error
on the trace

1
Tr[v,] =1+ o(1) andOé%éN

To cure this we modify m,, slightly in the following technical Lemma:

45



— Lemma VI.7: Corrected Husimi function

Let ng € N, m € L*(N x Q) such that Vn > ng, m(n,e) = 0,||m||;, = 1+ o(1) and

|
0<m< —ge
TS 9PN

then there exist m € L'(N x ), n; € N such that ¥Yn > ny, m(n,e) = 0,

1
T 777,:]-7 O< ~<_
r [ Vi) T S

and

gsc,hb [ﬁz] = Ssc,hb [m] +0O (hblb) +0 (hb (1 = HmHLl)) (VIlg)

®r

The proof of this Lemma (see Section VII) consists in moving some small amount of mass
from one Landau level to another. Putting all together we obtain the upper bound.

— Proof of Proposition VI.1:
Recalling (1.18), let p € D, and define

d(qg+r)

Mp,N = — M (VI.20)
then
_ d 1
SN S 73N T 25BN
f m, ndn = q;r) =1+o0(1)

NxQ

We consider m, y the corrected Husimi function in Lemma VI.7 associated with m, v, it
satisfies

d
gsc,hb [mP,N] = gsc,hb [mp,N] + 0O (hblb) + hbO (]. — #) (VI21)

1
and Tr [vmp’N] =1,0 < Y,y < N Moreover by (VI.16),

Tr [ L5 Ym, | = O (hb)
Thus, we can apply Propositions Proposition VI.5, Proposition VI.6 and (VI.21):
ER
ny
<Emr [Ym,n] + O () = Eseny [Mpn] + O (F(N) + O (AbAL)

&) + 100 (1= D) 4 0(£(3) + 0 (o)
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—RBEY" + E% + B9 + &1, [d(q]\f r) p] + hbO <1 . d(qz\f ”) + O (F(N) + O (hbAly)

=hbE?" + EY" + EX" + &, 11. [p] + RDO (1 — W) + O (f(N) + O (hbAL)

For the last equality we use the estimate

EqLL l%p] — &L [p]‘

dg+71)\>
Vil ||p||L2+<1—( N ))>||w||L2 ol

d(q+r)
N

<‘1—

and

d(g+r)
N

<cli-

V1.2 Energy lower bound

In this part we prove the Energy lower bound:

Proposition VI.8: Lower bound

Let (¢)5)n be a sequence of minimizers of (1.7),

Eseyib [Myy] = ROEY + EY" + ES™ + €311 + o(1)

@

Husimi functions are symmetric and consistent measures. The De Finetti Theorem VI.10
states that such measures are reduced to trivial measure of this kind, namely tensorized products
of one body measures and their convex combinations. This result plays an important role in the
control of correlations for the lower bound. We start by extracting some limit Husimi functions
and give their fundamental properties. Similar arguments can be found in [6, Section 2]. With
Notation V.1,

— Proposition VI.9
Let (¢)5)n be a sequence of minimizers of (I.7), up to a subsequence

a) there exists limit Husimi functions M® e L ((N x Q)*) such that

mgz N%oo M® in the weak star topology on L® ((N X Q)k) (VI1.22)
1
0<M® < (VI.23)

(L2 (g +7))"
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MWD (n,e) =1 + 1 MM (g, o) (V1.24)

n=d2 (g+)

¢) M®) are the reduced densities of a symmetric measure M on (N x Q)N and HM(’I“)HL1 =1
d) in the sense of Radon measures

Pl 7 PM® (VL.25)

N—o0

e) we have convergence of the potential terms:

EqLr [f’mw] 2 Earr [pm] (V1.26)

—00

— Proof:

a) From inequality (V.3) the Husimi functions are uniformly bounded, with a diagonal
extraction we obtain (VI.22) and the bound (V.3) with (I.11) induce (VI.23) in the limit.

b) Now since we took a minimizer of the energy, with the upper bound Proposition VI.1
and the Kinetic energy inequalities (IV.2) and (IV.3),

E° !
£ it [+ [t 2] 150 (3)
Q 02

d(g+r)

<Esor [m,] + DO <1 _ ) +O(F(N) + O (BbAly)

so by (I1.19) we know that
Tr [fn,w&i] — O (hb) (VL.27)
Since the contribution of the potential are bounded, the only thing we have to look at are

the kinetic terms. Let m, be the Husimi function with saturated low Landau levels defined
here (I.18). We denote

By definition of m, and Lemma V.3 we have

ZCN,n: fmfblj)v— J m,=1-1=0

e Nx N x Q
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2
n<q = cxn < e + O () = — O(zb)+o<1_d<q”>>

2T l2N q+ N
n>qg— CN»”:HmwN (n,e) B >0
Since (F,), is increasing

q q—1
Z EnCN,n = Z EnCN,n + Eq Z CNn = — Z(Eq - En)CN,n
neN n=0 n>q n=0

)
>0 (ibly) + hbO (1 - %) (V1.28)

Now we compute

Esc,hb [mwN] - sc hb mp Z E CNn J V ( 1(;) — mp) dT}
neN Nx©Q
+ J w (mffji - mgm) dn®? (VI.29)
(NxQ)?

From the semi-classical approximation (Proposition V.4), (VI.27) and the upper bound
(Proposition VI.1),

E_R/ (Un|Hnon)

NN o [man] + O (F) + O ((B1)?)

<Esenp [Myp] + ROO (1 — d(q]\j T>) + O (f(N) + O (hbAly)
so with (V.8),
Eves Mooy ] — Ese [m,] < BHO <1 _ w> + O (f(N) + O (hbAL,) (V1.30)

All the potential terms in (VI.29) are of order 1, therefore the sum in (VI.28) is bounded
and we have

q—1

d(g+r)
O(hblb) + hbO <1 = T) < —;(Eq —E CNn < T;\IE nCNn <
So
et
E, — Eq 1
=0 VIL.31
nz_;] hb <7Lb) ( )

With a similar inequality as (VI.28) but with E,; instead of E, we deduce

q

q
C = Z EnCN,n = Z EncN,n + Eq+1 Z CNn = Z(En — Eq-‘rl)cN,n

neN n=0 n>q n=0
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d d
> Enenn + By Y enn = O (hbly) + hbO <1 - #) (VL.32)

and therefore (VI.31) implies

1
0= (5)

Then
1 )
é nb N T Z nb N Z hb N <hb) >§1me<n’°)
Q
and
r 1
Jm% ¢ R JP(R)dR ~ |[mP@9)|| , - =0 (%) (VI.33)
Q Q

(k)

From the consistency of m,, ' in Property V.2,

lef f mq(pklg,(nbxl;X2:k)d77®(k71)<X2:k) dxy

Q  \(NxQ)k-1

et

(%)

= Z mww(nlﬁk’ o) ; (V1.34)
ng;kGNk71 L
Since
k . .
NA\[0: )" = | [N x (N\[0: g]) x N*~
i=1

by the symmetry of ml(fl\)], (VI.34) and (VI.31),

5 o mh 3 o

nlzkENk\[[O:q]]k

mg?, (n1:k>

—o0 (%) (V1.35)

Q) is bounded, thus testing (VI.22) against 1, ,jx0 € L' ((N X Q)k),

= 1P s o)

(k) .
HmwN (14 0) L1 N>

So (VI.33) gives

r

1M (g, |4 =~
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and with (VI.35), if ny € NF\ [0 : ¢]*, then M®)(n;,;, o) = 0 and we see that the norm (V.4)
passes to the limit:

O], = Y MO ) = Jim P [ )

N— 1
TLl:kEHOIq]]k Oonlzke[[o:q]]k g
S G LT IR e |
nl:ke[[O:q]]k nl:keNk\[[OZQ]]k
— lim ||m® =1
N—0 (2 Lt
If n <0, by (VI.31),
1 1 d(g+r)
W)= —L | <[l m,e) - +of1-24tn
HmwN (n, .) LQ(q i r) ., ’ My (TL, .) 27TZ§N i ( N
[ 1 d(g+r)
(1)
= = ) +0(1———
[ (g o)) + 0 (1-S52)
r 1 d(q+r)
| (— W of(1-2%47"
[ (i kbt +0 (1= 452)
d(g+r) 1 d(g +r)
=—Cnp,+0(1l——| =0 — o(1—-—=
w0 (1= 558 -0 () ro (1-
so MW (n,e) = ;
’ L2(q+ )

¢) Testing (VIL.10) against ¢, € C? ((N x ©)7), we have
f wqmgfl)vdn@ - J Spq(Xl:q)mvain (X1)dn®* (X1.1) (VI.36)
(NXQ)(I (NXQ)k

Since ¢, € L' ((N X Q)k), with (V1.22),

f cpquf;dn(@q — f cqu(Q)dn®q (VL.37)

N—0
(Nx)? (Nx)?

In order to pass to the limit in the right term of (VI.36), for the low Landau levels we use
(VI.22) on

ISP (%@Id(NXQ)H) eIt <(N X Q)k)

and for the high Landau levels we use (VI.35) and ¢, € L ((N X Q)k):

k k
J @q(Xlzq)mz(pA), (Xvk)dn® (X1a) = J 1([[0:q]]><N)k (‘Pq ® Id(NxQ)k’q> mfmidn@“
(NxQ)* QF
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+ Z J ¢q(”1:q7$1:q)m1(/,k]\), (nlzkaxl:k)dxlzk
nl;keNk\[[O:q]]ka

—> 1([[0:qﬂ><N)k (Soq ® Id(NxQ)k*‘I) M(k)d77®k

N—o0
Ok

- J QOq(Xlsq>M(k)(Xlzk)dn®k(X1;k) (VI.38)
(NxQ)F
Thus passing to the limit in (VI.36) and inserting (VI.37) and(VI.38) we obtain
Ve e CONX ), | M@= | () MO (Xi)dr™ (X)
(Nx@)? (Nx Q)"

and this proves that the limit Husimi functions are also consistent. Testing against ¢,
we also obtain that the symmetry of Husimi functions passes to the limit. Then we can
conclude with the Kolmogorov extension theorem that there exists M a symmetric measure
on (N x Q)N whose marginals are (M®)),.

d) Let ¢, € C°(QF), oy is bounded and
Lo ® 01 € L (N x 9))

so using (VI.22) and (VI1.35)

k k
[ty = | (uaeoo)nliars 51 [omd

QF (NxQ)* n1:xENA\[0:]"
k
e f (Lo ® o) MO = fsokp(M)
(NxQ)* QF

e) Let Vi, € L*(Q%), and (Vi n)n © C°(QF) a sequence regularised with a convolution to a
regular function so that

Vi = Viewll 12 njwo

we have
k k k
JVk (PsﬁiN - P%/) = ij,n (P%N - Pg\/) + JP%N (Vi = Vi) + fﬂgw) (Vi = Vi)

For a fixed n, since Vj,, € C°(Q*) by (VL.25) the first term goes to 0 when N — oo. For the
second term we use (IV.2) if V) =V, (IV.3) if V5, = w and (V.5)

J 8 = Vi) = [ (68 < 82) (= Vi) < € = Vi)« 68)°

Qk 02

L2
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<C (Vi = Vi)l 2

For the third term we use Holder’s inequality since ,05\’2) e L® (Qk) so we have

N—o0
¥ ok

i ka (%), — o) < C Vi~ Vsl — 0

Now we want to apply the De Finetti theorem to M:

— Theorem VI1.10: De Finetti or Hewitt-Savage

Let X be a metric space, p € Ps(XN) be a symmetric probability measure with marginals

(“(n)>n>1‘
1P, € P(P(X)) such that:

Vn e N*, p™ = J p®"dP,(p) (VL.39)
P(Q)

For a proof of this via the the Diaconis-Freedman theorem see |7, Section 2.1.] and for some
further context one can look at |5, Section 2.2.|.

Recalling the definition of the semi-classical domain (I.15), we obtain:

— Proposition VI.11: Low Landau level filling of the limit factorised densities
There exists Py € P (Ds.) such that

Vk e N*, M® — J mE*dPys(m) (VI.40)

DSc

Let 1 be the push-forward measure of P,; by the application

L'(NxQ) — LY(Q)
m — m(g,)

then p e P (D,r) and

P = f (mw)@kdu(ﬁ) (VL41)

DyLL

q q,r q,r
Eqrr [pm] = f EqrL [m+p] du(p) = EV" + E3" + f Eqrr [p)dulp)  (V1A42)

DyLL DyLL
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— Proof:

From Theorem VI.10 applied to M in Proposition VI.9, 3Py, € P (P (N x Q)) such that

Vk e N*, M® — J m® APy (m) (V1.43)

P(NxQ)

Let o€ CO(N x Q,R;), 0 # 0,e > 0,k € N*, and

1+e€
Ae(¢)._ mEP(NXQ)|J¢dm>mf¢
NxQ NxQ

If me A(p), then

k

% L2
- (g+7) fsodm< (q+7) fsodm
(1+@Hwbmm (1+@Hﬂbmm

x§2 x§2
so with (VI.23),

k

L*(g + 1)
P (Ac(p)) = f 1a(p)dPy < f Tt o eln f wdm | dPy(m)
P(NxQ) P(NXQ) RN
k
L*(qg+7) f J I

= e dm®” | dPpr(m)

((1 o) el M

P(NxQ) \(NxQ)*
2 K k
— L (Q+T) J 90®de(’€) < ( 1 ) — 0
(1 + ) [lell g l1+€) koo
(NxQ)*

we proved that Py (Ac(¢)) = 0 and therefore

P [l PINxQ\Alp) [=1-Pu U Al |=1
peCO(NxQ,R) peCO(NxQ,R)
e>0 e>0

therefore for P, almost every m € P (N x ),

1+€
NxQ NxQ

So for P, almost every m € P (N x ), m is the density of a probability measure thus a
positive function such that ||m|;, = 1 and by (VI1.44), m e L*(N x Q) and

1
< —— V14
" L*(q +) (VL43)
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We have shown Py, € P (D,.), therefore (VI.43) implies (VI1.40).
Moreover if n < ¢ by (VI.24),

J #dxz f 1nxadM® = J J m(n, )dz | dPa(m)

q+r)
9] Nx P(NxQ) \Q

J f <m - m(”’x)) dz | dPar(m) =0

P(NxQ) \Q

SO

By (VI.45) the integrand is positive thus null P); almost everywhere, we conclude that for
Py almost every m

n<q = m(n,e) = m (VI.46)

If n > q by (VI.24),

0= f LnyxodM®Y = J fm(n,x)dx dPpr(m)
Q

NxQ P(NxQ)
Once again by (VI.45) the right integrand is positive and thus null so for P,; almost every m
n>q = m(n,e) =0 (VL.47)

Finally if n = ¢, since m € P (N x ) we conclude using (V1.47) and (VI.46): for P, almost
everywhere m

o= [ m=3 [moe -3 [mee=1- o= Lo (i

NXQ n<q n>q

Gathering (VI.45), (VI.46), (V1.47) and (VI1.48), we now know that for Py, almost every m
we have m(q, e) € D,r. This means that g€ P (Dyrr).
Finally we compute

@k
P = D MB (g 0) = J 2, (s @)dPar(m) = f (Z i .>) Pt

_ f (mm(;-ﬁ)@kdm(m) | (%er)@kdu(p)
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and

_ 7 _ qr qr
Eqrr [pM] J EqLL lLQ(q T + P] du(p) f (BY" + EY + Eqrr [p]) du(p)
DyLL DyLL
~BY + B+ | S o) dulp)
3 Dyrr

Now we are ready for the proof of the lower bound.

— Proof of Proposition VI.8:
Let p € Dypr, starting from (VI.29), using inequality (VI.32) and (1.19) we have

& E d(q +
et (] > Evco (5] + Exti [Py, | = Euni [m,] + O (Bbls) + BbO (1 _ _(qN 7”))
=hbE £ d(qg+r)
b q,r qLL I:pmwN:l FO (hblb) + hbO (1 = T)

We conclude with (VI.26) and (VI.42) and that

d
Eserv [Myy] ZHVE,, + EqrL [pmw] + O (hbly) + RO (1 _ (q]\ﬂ; r))

:thQJ aF quL [pM] aF 0(1) = hbE?" + E;I/’T aF EZ)’T aF f quL [p] d,u(p) “F 0(1)

DyrLL

(VI1.49)

! ZRObEY + BV + BEZ" + Expp + o(1)

V1.3 Conclusion
— Proof of Theorem 1.5:

Let (¢)5)n be a sequence of minimizers of (1.7), by (V.6)

Eg\jfv> — <¢N|CwaN> = 5sc,hb [mwN] + O<1)

Since the lower bound is true up to a subsequence for which the have Proposition VI.9, for
every adherence value of E(N)/N we conclude by gathering Proposition VI.1 and Proposition
 VI.8.

— Proof of Theorem 1.7:
With (VI.41) and (VI.25) we get

®k
k) * 7 d
pmwN N—00 f (L2(q+ 7,) + P) M(p)

DyLL
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Let p € C* (QF) with (V.5),

k k k k
Jso (o = o) = fso (g2« %), - p8)) = fﬂfp; ()P x 9 —¢) — 0 (VL50)
QFk Ok QF

by Holder’s inequality since

| _
o], =

and ¢ is Lipschitz. Up to a subsequence pffj\)f converges Vk € N* in the sense of Radon

measures. But with (VI.50) this limit coincides with the one of pﬁ’,i}w so we obtain (1.23).
Moreover by (VI.49) and Proposition VI.1

&> | Eurlildu(p) + o)

DyrLL

. thus p only gives mass to minimizers of &,z
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VII Appendix: technical proofs
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— Proof of Proposition I1.7:

We start from (I1.15) expressed in terms of h,,:

¢nl<z) C 2z7rl Zh < [y+kL+ld]) 27,7rde

keZ
Define
1 L x
g(u) = hy, y+ul +1= | ] Xz
lb d
so we have
Cn  oimiz
n —— k VII.1
) = =S g(h (VIL1)

in order to apply the Poisson summation formula to g. To do so, we compute g with a change
of variable and equations (1.9) and (I1.19):

g(v) \/ﬂf ( [y+uL+l§D e~ u(v=2mdE) gy,

l i( L T Lu -
= L\/bgel(ﬁré)(”_%%) Jhn(u)e—zf’(u—zw%)du
R

_ b gi(3+4) (v-2mag) ;> (l_by _ f) _ ﬂei(%ﬁ)(v—%d%)hn <l_by _ f)
L~/2m

so by using (1.9) again:

§(2mk) = <_i>nlbei(%+é)(%k—%d%)hn (27rkl—b _ f)

L L
—3)"ly, —i%—2im y 1 L
_ ( Zg be 5 —2iml 7 2Z7rk(f+é)hn (E lkg . x])

To conclude the computation we insert this after applying the Poisson summation formula
(I1.18) to (VIL.1):

Yui(2) = jf e#miE\/or Zg (2rk)
keZ

_ Cn \/ﬂ lb —i2y Z ( [kz——x}) €2iﬂk(%+é)—%(k§_:€>2
kez

\/le
ik L) (prpL)?
12 E H < lx+k§]> = k(L+d) zlg( +kd)

keZ

|
Q?
w\u

by changing the sum index k to —k, using the parity of Hermite polynomials and the relation

Py cnV2m(—i)" = ¢,

29



— Lemma VII.1

Let m € N, ¢ > 0, the following series are uniformly bounded in «;, a, b:

Moreover, if P,, (),, are complex polynomials of degree n, the function

- ZA ot (et e s

k,qeZ

[1]

1
is of order — and can be uniformly approximated as
b

L
27le

(1]

(2) =

R L

YaeRy,a,be[-1,1],a Y. |a+b+ ag™ e )" < C(c,m) (VIL2)
qeZ*
Vae[0,1],aeR,be [-1,1],a Z la + b+ ak|™ o dotelf o C(c,m) (VIL.3)
keZ

P, (0)Qn(uw)e “dul| < C(n) (VIL4)

— Proof:
Let a € Ry a,be[—1,1]. If ¢ = 2 then ¢ < 2(¢ — 1) so

Vu e [q —1 Q) ’& +b+ th‘ —c(a+aq)? (2 + 2Qu)m€fc(a+au)2

and

a0
« Z la + b+ aqg|™ oelored) o J(Z + 20m)Meclaren)’ f(? + 2u)™e = duy < C(c, m)
1

q=2 R

the term for ¢ = 1 is
ala+b+ame @+ < C
for the negative ¢, we see that

a Z la + b+ ag|™ e~c@te)® — o Z |—a — b+ ag|™ e 2D < C(c,m)
q<—1 q=1

because —a, —b e [—1,1].
For (VIL.3), let a € [0,1],a € R, b e [—1,1]. We see that the series is a-periodic in a so we
can assume 0 < a < 1 and use (VIL.2) and for k£ = 0:

ala+b™ e <2

Now we use this result to prove the approximation of =. Due to the Gaussian factor, all
terms for which ¢ # 0 have a fair chance to vanish when [, — 0. Thus, we focus first on the
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term indexed by ¢ = 0. To simplify notation we introduce

1 L T lb
. =2 fonu? VIL5
Up, I <:C + ud) lb +2mur ( )

§(u) = P, (w, ) Qn (ups) € e
Ejgr0(2) = E(2) — D £(k)
keZ

€0 ép( e sl])au (L]es2])e .

is the term for ¢ = 0 and Z|;..0(2) contains the other terms.
Note that = is L/d-periodic in x so we can choose x € [0, L/d] and

SO

T lb
< 2am7 =0 (VIL6)

For ¢ = 0, if we replace the sum in k by the associated integral we obtain:
[ e =5 | Putw@uea
u)du = —— | Py(u)Qn(u)e u
27le
R R
which is the approximation in (VIL.4). For the convergence of the Riemann sum, we compute

the derivative of the integrand. There exists R,, a polynomial of degree 2n + 1 such that

[ 2
& (u) = QW—bRn (upz) e o

L
Now, use the mean value theorem:
k+1
f &(u J €k w)| du < 2#% > sup R, (upg)| e (VILT)
keZ keZ kez kSus

To control this we only need to control monomials. If k <u <k + 1,

’ub’z|m e Ubo?

< [kl ™ 5"+ |(k + 1),

m m
e~ ® e’ 4|k, o™ e~ D’ 4 ‘(/{: + 1), e

_(k+1)b,z2 + _kb,m2

m m
= [y o™ 7R + ‘(k' + 1)b,x‘ e Doa” 4 ‘(k + 1)y, z| €

L
b,x+g

Thus after some change of indices,

l [ m
27rzb 2 sup  |upg|™ e 27sz Z <2 k2™ + ‘kb’zf% +

keZ k<u<k+1 keZ

m
L > e’kbvz2
d

‘kb,x+
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l l l
Using (VIL3) with a = 2wa —0,a = %,b e {o,znzb, —27rzb} =1

We next control Z),.0. Let € > 0, with Young’s inequality:
z ly L e/(x Iy S| L\?
— | —+27k—= ) -g— < = | - + 27wk— — | 9=
(lb e L) qlb 2 <lb e L) * 2€ qlb

1 B2 1 iy L)\? 12 11 L2
6_5(i+2ﬂ—kf) —§<i+27rkf+qg> < €_<1_§) ﬁ-‘rQﬂ'k‘f —(5—2—6) g,

SO

l m
L + orkL

I L |4,

2

q#0,k

by using
. . L 1
e (VIIL.2) for the sum in g with a = 0= 0,b=0,c= 6
b
o

l 1
e (VIL.3) for the sum ink;withoz=27rzb—>0,a= l——>0,b=0,c= 1
b

We conclude that
L 1,

’E|q¢0‘ < C’(n)— o= = C(Tl)

3 l, L

— Proof of Proposition III.2:
We start from (IIL.5):

1 1 L 1 L oy
(2,2) = =3 D, hn (— lx + k—D b, (— lx +qL + k;—D ey
Wl Ll 22, B [ h d

We apply Lemma VII.1 and thus compute

1 x L\’ 1 L 1
———— ||+ 21u—~ | du=— — = —
A 22 Ll Rf (zb L) Ll, 2rnl, 2nl?
and obtain (III.6). Starting again from (II.5) and using notation (VIL.5), we compute in
Landau gauge

(Pl (,y)
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g Y1Y2—T1 T2 _
. Zhaxl - b$2 1 ¢ 17 h (k he (k 2i7rky2L12 +2i7rdqyf2
= : n (Kbzr) Pn (Kbya+qr) - €
1ho,,

e
||hn||i2 Ll k,qeZ
1 e R o ihl (kp) Qimk Y2782 4 05 40 V2
S — _ n »Z1 hn k L pum +2imdq
AR (it ) o ) - 252
So
. b Zh//n (kb,m) 2imdq 4
(Prplln)(z, 2) = mkgz (kb,zh (Ko.0) i (Kb,zrqr) €774Z
and with Lemma VII.1,
L b ih! (u)) —u?
Pl (2, 2) — : f( " hp(w)e™™ du < C(n)b
j‘ ( h,b )( ) 27le th“izL J uhn(u) ( ) ( )
F LCX)

— Proof of Lemma V.3:

m., is positive because VX € N x €, IIx and ~;, are positive. With Corollary II1.3,

k

k k
1 1 Veell goo
Mo (K1) < kll oo [ [ Tr[Mx] = el o (m +0 (E)) = ’(|27];‘l|§£)k<1 +O0(b))
i=1

Then, with the resolution of identity (II1.3) we have

f My, dTI@k = Tr [y]
(NxQ)k

Since VX € N x Q, IIx and my are positive 7,,, is also positive. (II1.3) also implies

k
k k
Y < (2703)" [lmige]| oo QR Ix, dn®* (X1) = (278) " ||| oo
=1
(NxQ)k

Finally, using Corollary III.3,

Tr [, ] = (27Tl§)k f my(Xq.x) Tr [@ HXZ.] dn®*(X14,) = J mydn®® + O(1y)

=1
(NxQ)k

= [[mll + O(y)

(NxQ)k

[y € LY(L*(Q)) is positive, thus it can be diagonalized:

HX = Z)\i’X ‘¢i7x> <77Z)Z'7x‘ with )\LX >0 and Z)\i7X = " [Hx]

ieN ieN
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We have
k
m (X1x) Z (H
Jj=1 B
k
_ 5 (n Y ) "
1. kGNk Jj=1
Let ¢1.5 € L*(2) be an orthonormal family, we claim that

o) (&0

k
:Xj> <® wijv
j=1

k k
® wiijj > <® w%
j=1 j=1

|

Xj ® IdL2(QN7k)

(VILS)

(N — k)

®IdL2(QN7k) g N'

on L' (L2 (V) (VIL9)

i=1

Indeed, if we consider the Slater determinant

then

(&) (@
(B

Z i=1
W % ([

If the Slater determinant does not contain the 1., then the result of this computation is 0,
thus we obtain (VII.9). Then with (VII.8) and Corollary II1.3,

k
m, 0 (Xik) < (N— 2 (H Aij x )Tf [l = WT (o] ] [ T [T, ]

1. kENk Jj=1 g=1

() IdL2(QN—k)> XN>

&) Y- > <(>_% Yo(s)

E

ﬁ

(@ )@Z@me>

k!
O”L) 57'(7, 1) H 50(1 ),7(2) N' Z 1_[6 1)7,: )

i=k+1 ogeSy i=1

H:]?v

(N — k)

F _ mTr [yw] (14 O (1))

— Proof of Property V.2:

Let k> ¢ > 1 and Xy, € (N x Q)% Recalling the results of Subsection IV.1, we prove that
the N-body Husimi functions are consistent marginals using (I11.3):

e
J m(Xy)dn(Xgr1w) = Tr f 7 @ Ilx,dn(Xg11:4)
(NxQ)k—4a (NxQ)k—a =
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q

q
—Tr [fy%“) @Iy, ® TR, ‘”] = Tr [%@’ Gy,

i=1 n=ll

_ mg(f\), (X14) (VIL.10)

The symmetry of the Husimi measures follows from the symmetry of the reduced density
matrices and (V.3) and (V.4) follow from

Tr [%(\’;)] =1

and Lemma V.3.
For the last point we perform a straightforward computation:

Kk k
>0 ) (nyg; Riy) = Tr [%(\I;) > ®Hm,Ri] = f O (@14, 210) [ [or(zi — Ri)*dar

nl:kZO nl:kZO 1=1 Qk =1
; = (g3 * o) (R)

— Proof of Lemma VI.7:
First, by Corollary I11.3, 3€ : N x €2 — R such that

2n2Tr [Mx] = 1 + L,E(X)
|E(n, R)| < C(n)

So

Tt ] = f m(X) (1 + LEX)) dn(X)

If Tr [y,n] = 1 then m has the desired properties. If Tr|[v,,] < 1 we add some mass to m
where it is possible without breaking the Pauli principle. Let n; € N and

1
0<7< W
we define
=~ : 1
m(T,n1) = m + min (7’, W - m) 1,<n,
By construction
0<m < m(r,n) and 71,<,, < m(r,n;) (VIL.11)

< P
2ml2N
We choose ny > ng and remark that

1 1 L
Tr (va| | =—— = — 1 1 X X) > —=n1 —
NxQ
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Since dn; € N such that

2

> 1
orZN !

for large enough IV,

and
Tr [ym] (0,7m1) = Tr [ym] < 1
and Tr [v] is Lipschitz in 7, so by the intermediate value theorem 37 > 0 such that
with m = m(1,ny), f m(X) (1+ LE(X))dn(X) =1
NXQ
Thus we can estimate

mem< SN m(n,x)>dx= J (ﬁz—m)dnzl—lemEdn— den

nsni NXxQ NxQ NXxQ

= O(l) + O (1 = [|ml[ 1)

SO

1 1
T=13 min (7’, W —m(nq, x)) dr < O(l,) + O (1 — ||m| ;1) (VIL.12)
Q

Now if Tr [y,,] > 1 we remove some mass to m:
m(7) == max (0,m — 7) = m — min(m, 7)

by construction

1
0O<m<m< —5— VIIL.13
s 2ml2N ( )

We see that

Tr [v#] (0) = Tr [ymn] > 1 and Tr [y4#] (27rllgN> =0

so 47 = 0 such that

with m = m(7), Tr [va] = J m(X) (1 + LE(X))dn(X) =1

N x
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and like before,

fmin(m,r)dnz f i — )l = [ — 04 f mEdn = O(l) + O (1 — |ml| 1)

NxQ NxQ NxQ
= J mdn + J Tdn = ||m|| . + J (1 —m)dn
m<Tt T<m T<m
So
1
s + O) + O~ mll) = | (m=r)dn < Ll
Ll Ll J ﬂlgN <
and
1 . 1
T < min(m, 7)dn = (O(l) + O (1 = [|m][ 1))
|1T<m| ‘1T$m|
NxQ
1 Oly) + O (1 —|Im] 1)

< . =0, +O(1—|ml,, VII.14
BN Tl + O) + O = ml, - OO0 =lmiz) — (VILLY)

With inequalities (VII.12) and (VII.14) we know that
2 = il = O) + O (1= [m]) (VIL13)

Finally we prove the estimate on semi-classical energies (VI.19):

|Exs (7] — Exa [ fmn-—Mmm+ZfWWm-— m(n, )|

+—Z~f DI, 2)0 (7, ) — o, 2)m (i, )| dody

n,n=0

02

ni

<L) Epllm =il g + (00 + D) [V 1 Jm = ]
n=0

+ L2 Jw| 1 Z [m(n, o) (7i, ) — m(n, o)m(7, o) -
n,n=0
Moreover
|72 (n, @) (1, o) — m(n, &)m(i, o)l oo < [|72(n, ®)| 1o [|T2(R, @) — M(10, @) 10
+ |lm (3, )| oo 7212, ) — m(n, @) || 1o

<l g [l = ml| g + Il o 172 = m]] oo

so with (VIL.11) and (VII.13)

2

N < L
|Esc,in [M] = Esenp [m]] < (L2 D En+ (m + D)Vl + BN [wll g (n1 + 1)2)

n=0
e = | oo

. We conclude with (VII.15).

67



Acknowledgements

Qowtg_?oégéef\\#«a—

T T »

I would like to thank my PHD advisor Nicolas Rougerie for discussions, ideas and help that
made this work possible. Funding from the European Research Council (ERC) for the project
Correlated frontiers of many-body quantum mathematics and condensed matter physics (COR-
FRONMAT No 758620) is gratefully acknowledged.

1]
2l
3]

4]

5]
(6]

7]

8]

9]

Bibliography

Qowtg_’@?o;’«a—

¢ T

V.Bach. “Hartree-Fock Theory, Lieb’s Variational Principle and their Generalizations”. In:
EMS press, 2022. DOI: https://doi.org/10.4171/90-1/3.

C.Cheverry N.Raymond. A guide to spectral theory applications and exercises. Birkhduser
Cham, 2021. DOI: https://doi.org/10.1007/978-3-030-67462-5.

N.Rougerie J.Yngvason. “Holomorphic quantum hall states in higher landau levels”. In:
Journal of Mathematical Physics (2020). DOIL: https://doi.org/10.1063/5.0004111.

S.Fournais P.Madsen. “Semi-classical limit of confined fermionic systems in homogeneous
magnetic fields”. In: Annales Henri Poincaré (2020). DOI: https://doi.org/10.1007/
s00023-019-00880-6.

N Rougerie. Scaling limits of bosonic ground states from many-body to nonlinear
Schriodinger. 2020. URL: https://arxiv.org/pdf/2002.02678.pdf.

S.Fournais M.Lewin J-P.Solovej. “The semi-classical limit of large fermionic systems”. In:
Calculus of Variations and Partial Differential Equations (2018). DOI: https://doi.org/
10.1007/s00526-018-1374-2.

N.Rougerie. Théoremes de de Finetti, limites de champ moyen et condensation de Bose-
FEinstein. Spartacus-Idh, 2016. URL: https://spartacus-idh.com/liseuse/012/.

E.H. Lieb R. Seiringer R.L. Frank M. Lewin. “A positive density analogue of the
Lieb—Thirring inequality”. In: Duke Mathematical Journal (2013). DOI: 10.1215/00127094-
2019477.

E.H.Lieb and R.Seiringer. The stability of matter in quantum mechanics. Cambridge
University Press, 2010. DOI: https://doi.org/10.1017/CB09780511819681.

68


https://cordis.europa.eu/project/id/758620
https://cordis.europa.eu/project/id/758620
https://doi.org/https://doi.org/10.4171/90-1/3
https://doi.org/https://doi.org/10.1007/978-3-030-67462-5
https://doi.org/https://doi.org/10.1063/5.0004111
https://doi.org/https://doi.org/10.1007/s00023-019-00880-6
https://doi.org/https://doi.org/10.1007/s00023-019-00880-6
https://arxiv.org/pdf/2002.02678.pdf
https://doi.org/https://doi.org/10.1007/s00526-018-1374-2
https://doi.org/https://doi.org/10.1007/s00526-018-1374-2
https://spartacus-idh.com/liseuse/012/
https://doi.org/10.1215/00127094-2019477
https://doi.org/10.1215/00127094-2019477
https://doi.org/https://doi.org/10.1017/CBO9780511819681

[10]

[11]

[12]
[13]
[14]
[15]
[16]

[17]

[18]

[19]

[20]

[21]

[22]
23]

[24]

J.K.Jain. Composite fermions. 2009. ISBN: 9780511607561. DOI: https://doi.org/10.
1017/CB09780511607561.

A.Aftalion S.Serfaty. “Lowest Landau level approach in superconductivity for the Abrikosov
lattice close to HC2”. In: Selecta Mathematica (2007). DOI: https://doi.org/10.1007/
s00029-007-0043-7.

Y.Almog. “Abrikosov Lattices in Finite Domains”. In: Communications in Mathematical
Physics (2006). DOI: https://doi.org/10.1007/s00220-005-1463-x.

C.Villani. Topics in Optimal Transportation. American Mathematical Society, 2003. URL:
https://www.math.ucla.edu/ wgangbo/Cedric-Villani.pdf.

A.S.Kechris. Classical Descriptive Set Theory. Springer, 1995. DOI: https://doi.org/10.
1007/978-1-4612-4190-4.

E.H.Lieb J-P.Solovej J.Yngvason. “Ground states of large quantum dots in magnetic fields”.
In: Physical review B (1995). DOI: https://doi.org/10.1007/978-3-662-03436-1_15.

E.H.Lieb J-P.Solovej. “Quantum Dots”. In: (1994). URL: https://arxiv.org/pdf/cond-
mat/9404099.pdf.

E.H.Lieb J-P.Solovej J.Yngvason. “Asymptotics of Heavy Atoms in High Magnetic Fields
I. Lowest Landau Band Region”. In: Communications on Pure and Applied Mathematics
(1994). DOI: https://doi.org/10.1002/cpa.3160470406.

E.H.Lieb J-P.Solovej J.Yngvason. “Asymptotics of Heavy Atoms in High Magnetic Fields
I1. Semi-classical Regions”. In: Communications in Mathematical Physics (1994). DOL:
https://doi.org/10.1007/BF02099414.

E.H.Lieb J-P.Solovej J.Yngvason. “Heavy atoms in the strong magnetic field of a neutron
star”. In: Physical Review Letters (1992). DOIL: https://doi.org/10.1103/PhysRevlett.
69.749.

E.H.Lieb J-P.Solovej. “Quantum Coherent Operators: A Generalisation of Coherent States”.
In: Letters in Mathematical Physics (1991). DOI: https://doi.org/10.1007/BF00405179.

J.Yngvason. “Thomas-Fermi Theory for Matter in a Magnetic Field as a Limit of Quantum
Mechanics”. In: Letters in Mathematical Physics (1991). DOL: https://doi.org/10.1007/
BF00405174.

K.Chandrasekharan. Elliptic Functions. Springer, 1985. DOI: https://doi.org/10.1007/
978-3-642-52244-4.

E.H.Lieb. “Variational Principle for Many-Fermion Systems”. In: Physical Review Letters
(1981). DOI: https://doi.org/10.1103/PhysRevLett.46.457.

M.Reed B.Simon. Methods of modern mathematical physics II: Fourier analysis self
adjointness. A press INC, 1975. URL: https://www.elsevier.com/books/ii-fourier-
analysis-self-adjointness/reed/978-0-08-092537-0.

69


https://doi.org/https://doi.org/10.1017/CBO9780511607561
https://doi.org/https://doi.org/10.1017/CBO9780511607561
https://doi.org/https://doi.org/10.1007/s00029-007-0043-7
https://doi.org/https://doi.org/10.1007/s00029-007-0043-7
https://doi.org/https://doi.org/10.1007/s00220-005-1463-x
https://www.math.ucla.edu/~wgangbo/Cedric-Villani.pdf
https://doi.org/https://doi.org/10.1007/978-1-4612-4190-4
https://doi.org/https://doi.org/10.1007/978-1-4612-4190-4
https://doi.org/https://doi.org/10.1007/978-3-662-03436-1_15
https://arxiv.org/pdf/cond-mat/9404099.pdf
https://arxiv.org/pdf/cond-mat/9404099.pdf
https://doi.org/https://doi.org/10.1002/cpa.3160470406
https://doi.org/https://doi.org/10.1007/BF02099414
https://doi.org/https://doi.org/10.1103/PhysRevLett.69.749
https://doi.org/https://doi.org/10.1103/PhysRevLett.69.749
https://doi.org/https://doi.org/10.1007/BF00405179
https://doi.org/https://doi.org/10.1007/BF00405174
https://doi.org/https://doi.org/10.1007/BF00405174
https://doi.org/https://doi.org/10.1007/978-3-642-52244-4
https://doi.org/https://doi.org/10.1007/978-3-642-52244-4
https://doi.org/https://doi.org/10.1103/PhysRevLett.46.457
https://www.elsevier.com/books/ii-fourier-analysis-self-adjointness/reed/978-0-08-092537-0
https://www.elsevier.com/books/ii-fourier-analysis-self-adjointness/reed/978-0-08-092537-0

	Context and result
	Model
	Semi-classical limit model
	Main results
	Scaling
	Organisation of the paper

	Quantization
	Magnetic translation operators
	Landau Level quantization
	Expression of the eigenfunctions

	Projectors on Landau levels
	nLL projectors
	Integral kernels of the projectors

	A Lieb-Thirring inequality
	Reduced densities
	A Kato inequality with periodic boundary conditions
	Diamagnetic inequality
	Lieb-Thirring inequality

	Semi-classical limit
	Husimi functions
	Semi-classical energy

	Mean field limit
	Energy upper bound
	Energy lower bound
	Conclusion

	Appendix: technical proofs
	Acknowledgements
	Bibliography

