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Abstract :

Motivated by the quantum hall effect, we study N two dimensional interacting fermions in
a large magnetic field limit. We work in a bounded domain, ensuring finite degeneracy of the
Landau levels. In our regime, several levels are fully filled and inert: the density in these levels
is constant. We derive a limiting mean-field and semi classical description of the physics in the
last, partially filled Landau level.
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I Context and result

I.1 Model
We consider a system of N interacting fermionic particles in two dimensions. They are placed
under a homogeneous magnetic field perpendicular to the domain. In this context the kinetic
energy of the particles is quantized into discrete energy levels called Landau levels, separated by
a finite energy gap. This problem has initially been studied by Lieb Solovej and Yngvason in
[15], [16], [17], [18], [19] and more recently by Fournais, Lewin and Madsen in [4], [6].

Our goal is to study the mean field and semi-classical limit under high magnetic field so
the Landau level quantization plays an important role. This setup is related to that of [15]
where three regimes are studied. In the first one, the energy gap is small with respect to the
potential contributions in the energy so particles occupy all Landau levels and a standard
Thomas–Fermi model is obtained in the limit. In the second one, the energy gap is comparable
to the potential energy terms, particles optimise both their Landau level and their position in
the potentials and the limit is a magnetic Thomas-Fermi model. For the last scaling, the gap is
large compared to the potential energies so all particles occupy the lowest Landau level and the
limit is described with a classical continuum electrostatic theory in this level. We want to deal
with the intermediate situation where only a finite number of Landau levels are completely filled.
Precisely, our result is a limit where the q first Landau Level are fully filled, the next Landau
level is partially filled with filling ratio r ă 1 and all higher Landau levels are empty. We also
provide a model for the physics in the partially filled Landau level. This setup is physically
motivated by the quantum Hall effect which mostly takes place in a partially filled Landau level
while lower Landau levels are filled and inert, and higher levels are empty, see [10].

In this perspective we want to fix the limit ratio of the number of particles to the degeneracy
of Landau levels. On the whole space R2 this degeneracy is infinite. To ensure finiteness of
the degeneracy of the Landau levels (see Subsection II.3), we work on a bounded domain. For
simplicity, we would like to consider a torus with periodic boundary conditions. But, in the
presence of a magnetic field the periodic boundary conditions must be modified. This is a
well known issue, for example see [10, Section 3.9]. As explained in Subsection II.1, we define
magnetic translation operators to ensure commutation with the magnetic momentum. These
magnetic translations operators define the so called magnetic periodic boundary conditions.

Notation I.1: Model

We work on the domain Ω – r0, Ls2 of fixed size L ą 0. The one body kinetic energy
operator, also called magnetic Laplacian, is

Lh̄,b – pih̄∇ ` bAq
2 (I.1)

We work in the Coulomb gauge:

∇ ¨ A “ 0

where A P C8 pR2,R2q is the vector potential. Identifying R2 with R2 ˆ t0u Ă R3, we assume

∇ ^ A “ p0, 0, 1q (I.2)
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b is the magnetic field amplitude with associated magnetic length

lb –

c

h̄

b

We identify R2 with C and use complex notation for the variables px, yq P R2 namely

px, yq “ x ` iy P C

Let z0 P C, by (I.2)

∇ ^ pA ´ Ap‚ ´ z0qq “ 0

so we can choose φz0 P C8 pR2,Rq such that

A ´ Ap‚ ´ z0q — l2b∇φz0 (I.3)

For some usual expressions see (II.3) and (II.4). As detailed in Subsection II.1, for ψ P L2pΩq

the magnetic periodic boundary conditions are

@t P r0, Ls,

#

ψpL ` itq “ eiφLpL`itqψpitq

ψpt ` iLq “ eiφiLpt`iLqψptq
(I.4)

and the domain of the magnetic Laplacian is

Dom pLh̄,bAq –
␣

ψ P H2
pΩq such that (I.4) holds

(

(I.5)

Now, the N -body Hamiltonian is

HN –

N
ÿ

j“1

´

`

ih̄∇xj ` bApxjq
˘2

` V pxjq
¯

`
2

N ´ 1

ÿ

1ďjăkďN

wpxj ´ xkq (I.6)

acting on the space of N -body fermionic states

L2
´

`

ΩN
˘

–

N
ľ

L2
pΩq.

We denote T – R2{LZ2. V P L2pTq is the external potential and w P L2pTq the interaction
potential assumed to be radial for the metric on the torus:

wpx ´ yq — rwpdpx, yqq with dpx, yq – min
rPLZ2

|x ´ y ` r|

The domain of the N -body Hamiltonian (I.6) is

Dom pHNq –

N
ľ

Dom pLh̄,bq

We define the N -body ground state energy

E0
N – inf txψN |HNψNy , ψN P DompHNq such that ∥ψN∥L2 “ 1u (I.7)
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There are NpN ´ 1q{2 interacting pairs of fermions. Thus, we divide the interactions term
by pN ´ 1q{2 so that the order of the contribution coming from interactions is OpNq and
comparable to the contribution coming from the external potential.

As we will see in Subsection II.2, the self adjointness of the magnetic Laplacian and the
existence of its eigenvectors require the magnetic field flux bL2 going through the domain to be
quantized in multiples of 2πh̄:

Dd Ă N such that 2πd “
b

h̄
L2

“
L2

l2b

In Subsection II.3 we will explain that d is the degeneracy of Landau levels. Now, we can fix
the number of filled Landau levels by choosing a scaling for which the ratio N{d is fixed.

Notation I.2: Scaling

We take Planck’s constant to be a sequence h̄ – ph̄NqNPN such that

N´ 1
2 ! h̄ ! N´ 1

4 (I.8)

Let q P N, r P r0, 1q, b – pbNqNPN be such that

d –
L2

2πl2b
Ă N˚ (I.9)

and

N

d
“

NÑ8
q ` r ` o

ˆ

1

h̄b

˙

(I.10)

where E˚ – Ezt0u for E Ă R.

q will give the number of fully filled Landau levels and r the filling ratio of the pq ` 1qth

Landau level. Note that the lowest Landau level index is 0 in our convention. With this notation,

N

d
“

2πl2bN

L2
Ñ

NÑ8
q ` r and

1

l2b
“
b

h̄
„

NÑ8

2πN

pq ` rqL2
(I.11)

With this scaling, we find that the order of the magnetic field is b “ Oph̄Nq. It is known (II.10),
that the order or the kinetic energy is

h̄b “ Oph̄2Nq " 1 (I.12)

The kinetic energy contribution needs to be of leading order compared to the potential terms if
we want to impose the number of filled Landau level and this is true if and only if

h̄2N " 1

hence the lower bound in (I.8). The upper bound h̄ ! N´ 1
4 is necessary in our approach to

control some error terms coming from the kinetic energy. This is also the reason why we impose
the convergence rate in (I.10). This scaling is a semi-classical limit because Planck’s constant
goes to 0.
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I.2 Semi-classical limit model
In the limit, we obtain a semi-classical model where the energy no longer depends on the wave-
function but on the density in phase space. This comes with a non linearity in the interaction
term. The phase space is N ˆΩ. This means that particles have two degrees of freedom: the first
one is n P N the quantum number representing the Landau Level index and x P Ω representing
the position of particles in space. In classical mechanics, one can think of x as the center of
the cyclotron orbit of the particles and n as the index of the quantized angular velocity of the
cyclotron orbit. This model is semi-classical in the sense that the Pauli principle still holds as a
bound on the density.

Notation I.3: Semi-classical functional

We consider the measure on phase space

η –

˜

ÿ

nPN

δn

¸

b λΩ

where λΩ is the Lebesgue measure on Ω. For m P L1 pN ˆ Ω,R`q, define

Esc,h̄b rms –

ż

NˆΩ

Enmpn,Rqdηpn,Rq `

ż

NˆΩ

V mdη `

ż

pNˆΩq2

wmb2dηb2 (I.13)

where, as we will see in Section II,

En – 2h̄b

ˆ

n `
1

2

˙

(I.14)

is the energy of the nth Landau level. Define the semi-classical domain

Dsc –

$

&

%

m P L1
pN ˆ Ωq such that

ż

NˆΩ

mdη “ 1 and 0 ď m ď
1

pq ` rqL2

,

.

-

(I.15)

and the semi-classical ground state energy

E0
sc,h̄b – inf

mPDsc
Esc,h̄b rms

We then define the model for the partially filled Landau level that only depends on the
density.

Notation I.4: Electrostatic model for the partially filled level

Define

EqLLrρs –

ż

Ω

V ρ `

ĳ

Ω2

wpx ´ yqρpxqρpyqdxdy (I.16)
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with domain

DqLL –

$

&

%

ρ P L1
pΩq such that

ż

Ω

ρ “
r

q ` r
and 0 ď ρ ď

1

pq ` rqL2

,

.

-

(I.17)

The associated ground state energy is

E0
qLL – inf

DqLL
EqLL

We define the following energies:

Eq,r –
q2 ` 2qr ` r

q ` r
Eq,r
V –

q

pq ` rqL2

ż

Ω

V Eq,r
w –

q2 ` 2qr

pq ` rq2L4

ż

Ω2

w

Let ρ P DqLL, define

mρpn, xq – 1năq
1

L2pq ` rq
` 1n“qρpxq (I.18)

mρ is a phase space density constructed with the qLL lowest Landau levels saturating the
Pauli principle in (I.15) and (I.17) and with the density ρ in the partially filled Landau level.
The ratio of particles in the partially filled Landau level is

r

q ` r

This corresponds to the normalization constraint in (I.17). With this we see that the Pauli
principle is indeed the correct bound on the densities to have

ż

NˆΩ

mρdη “ 1

A direct computation shows that

Esc,h̄b rmρs “ h̄bEq,r
` Eq,r

V ` Eq,r
w ` EqLL rρs (I.19)

where

• h̄bEq,r is the kinetic energy contribution from the q ` 1 lowest Landau levels

• Eq,r
V is the external potential energy contribution from the q lowest Landau levels

• Eq,r
w is the energy contribution from interactions between the q lowest Landau levels and

the interactions between the q lowest Landau levels and the pq ` 1q
th Landau level. In

other words, it contains all the interactions except those inside the partially filled level.

If w has a non-negative fourier transform, this functional is convex and thus has a unique
minimizer. For example, with V “ 0, the minimizer is

ρ0 –
r

pq ` rqL2
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I.3 Main results
We can now state our main result:

Theorem I.5: Mean field limit with magnetic periodic conditions

With the definitions introduced in Notation I.1, Notation I.2, Notation I.3, Notation I.4,

E0
N

N
“

NÑ8
h̄bEq,r

` Eq,r
V ` Eq,r

w ` E0
qLL ` op1q

This means that in the limit, the first order in the quantum many body energy per particle
is the trivial energy h̄bEq,r. Then for terms of order 1, the only non trivial contribution to the
energy are the external potential term and the interaction term inside the partially filled Landau
level. The lower Landau levels are totally filled and therefore their contribution to the energy is
constant. The interaction of the partially filled level with all other level will also be a constant.
For higher Landau levels, their contribution to the energy is null because they are totally empty.

The regularity assumptions on the potentials are not minimal, we expect this result to hold
true if potentials have an L1 positive part and an L2 negative part. Under these assumptions,
one needs to prove that the particles will not concentrate in the L1 positive singularities of the
potentials. This has been done in [15] for the repulsive 1{ |x| Coulomb potential. We will not
deal with this issue in this paper.

The number of variables of the densities is going to infinity in our limit, thus we look at
reduced densities.

Notation I.6: Reduced densities

We denote Lp the set of p-Schatten class operators along with ∥‚∥Lp the p-Schatten norm.
Let γN P L1

`

L2
´

`

ΩN
˘˘

a positive operator of trace 1. We call such an operator an N -body
density matrix. We will denote in the same way operators and their integral kernel. We
introduce compact notation for lists:

1 : n – p1, . . . , nq x1:n – px1, . . . , xnq

The density associated to γN is

ργN px1:Nq – γNpx1:N , x1:Nq

Let TrI be the partial trace that traces out coordinates in I Ă J1, NK of L2pΩqbN , it is
defined as the linear operator on L1

`

L2
`

ΩN
˘˘

satisfying

@A1:N P L1
`

L2
pΩq

˘

,TrI

«

N
â

i“1

Ai

ff

– Tr

«

â

iPI

Ai

ff

â

iRI

Ai

Let 1 ď k ă N , we define the kth reduced density matrix associated to γN by

γ
pkq

N “ Trk`1:N rγN s (I.20)

with the convention that γpNq

N – γN . For an N variables symmetric density ρN we denote
ρ

pkq

N its kth marginal. If one starts from ψN P L2
´

`

ΩN
˘

we use the notation

γψN – |ψN⟩ ⟨ψN |
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ρψN – ργψN “ |ψN |
2 (I.21)

Note that with this notation

ρ
γ

pkq

N
“ ρpkq

γN
(I.22)

The domain Ω is a locally compact metric space, the set of Radon measures on it is the
dual of continuous and compactly supported functions

MpΩq “ C0
c pΩq

˚

In our case, since Ω is compact this is just the dual of continuous functions. We denote M`pΩq

the set of positive Radon measures. Let PpΩq be the set of probabilities on Ω:

PpΩq – tµ P M`pΩq such that µpΩq “ 1u

On this space the weak star topology is metrizable using a Wasserstein metric [13, Section 7.12].
Moreover PpΩq is also locally compact [14, section 17.E], thus it is possible to iterate and define
the space of probability measures on PpΩq namely P pPpΩqq.

Now, we have the following theorem for the convergence of reduced densities:

Theorem I.7: Densities convergence with magnetic periodic conditions

With the definitions introduced in Notation I.1, Notation I.2, Notation I.3, Notation I.4,
Notation I.6, if pψNq is a sequence of minimizers of (I.7), then Dµ P P pDqLLq such that

• µ only charges minimizers of the limit energy functional (I.16)

• @k P N˚, in the sense of Radon measures

ρ
pkq

ψN

˚
á

NÑ8

ż

DqLL

ˆ

q

L2pq ` rq
` ρ

˙bk

dµpρq (I.23)

The density of particles converge to a convex combination of densities of the form
q

L2pq ` rq
` ρ

From the Pauli principle in (I.17) we see that the constant term in this expression corresponds
to particles in the q lowest and fully filled Landau levels. Then the density of particles in the
partially filled Landau level is given by a minimizer ρ of the limit functional (I.16).

I.4 Scaling
Another way to obtain the scaling in Notation I.2 is to observe that we have two characteristic
length-scales:

•
L

?
N

, measuring the mean distance between particles
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• lb, the magnetic length, which, in classical mechanics corresponds to the radius of a
cyclotron orbit. Due to the Pauli principle, lb will be the order of the minimum distance
between particles inside a Landau level. More precisely the Pauli principle takes the form
of an upper bound on the density in phase space.

The square ratio of these length is

L2

Nl2b
“
bL2

h̄N
(I.24)

If this ratio goes to zero, the mean distance between particles is very small compared to the
minimal length-scale between two particles in a fixed Landau level. This implies that the
particles must fill many Landau levels and this corresponds to the scaling in [15] where the
energy gap between Landau level is small compared to the potential terms.

If this ratio goes to infinity, the mean distance between particles is very large compared to
the minimal length-scale between two particles in a fixed Landau Level. As a consequence, all
particles can be placed in the lowest Landau level and this corresponds to the regime in [15]
where particles only occupy the lowest Landau level and do not feel the Pauli principle.

In the limit we study, we see from (I.11) that the ratio (I.24) has been fixed to be

L2

Nl2b
Ñ

NÑ8

2π

q ` r
(I.25)

in order to fill a finite number of Landau levels. In our limit we fixed L and took lb going to
zero, but one can also ensure (I.25) by fixing a magnetic length rlb ą 0 and taking a domain
length rL going to infinity as

rL –
rlb
lb
L (I.26)

In this limit the density of particles in the domain Ω is fixed:

rL2

N
Ñ

NÑ8

rlb
2 2π

q ` r
(I.27)

Those limits are equivalent in the sense that the N -body Hamiltonian (I.6) is unitarily equivalent
to

1

τ
HN,τ –

1

τ

˜

N
ÿ

j“1

`

pih̄τ∇j ` bτAτ pxjqq
2

` Vτ pxjq
˘

`
2

N ´ 1

ÿ

1ďjăkďN

wτ pxj ´ xkq

¸

(I.28)

where

h̄τ –
h̄

?
τ

Aτ –
1

τ
A pτ‚q bτ – τ

3
2 b Vτ – τV pτ‚q wτ – τw pτ‚q

Taking, τ – L{rL and using (I.28), we confirm that the new magnetic length is
c

h̄τ
bτ

“
rLlb
L

“ rlb
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Moreover if one chooses

A “ ALan V pxq “ ϱ ˚
1

|x|
wpxq “

1

|x|

then the vector potential and the interaction potential are not rescaled :

Aτ “ A wτ “ w

If we assume that the external potential is generated by a background charge density ϱ P L1pΩq

it transforms as

Vτ pxq “

ż

Ω

τϱpτx ´ yq
1

|y|
dy “

ż

r0,rLs
2

τ 2ϱpτ py ´ xqq
1

|y|
dy — ϱτ ˚

1

|x|

The re-scaling preserves the total charge
ż

r0,rLs
2

ϱτdx “

ż

Ω

ϱdx

and

HN,τ “

N
ÿ

j“1

ˆ

pih̄τ∇j ` bτApxjqq
2

` ρτ ˚
1

|x|

˙

`
2

N ´ 1

ÿ

1ďjăkďN

wpxj ´ xkq

We conclude that our initial scaling is equivalent to a thermodynamic limit.

I.5 Organisation of the paper
The next two sections contain preparations and necessary tools. Section II is about the
diagonalisation of the magnetic Laplacian (I.1). In Section III we define the orthogonal
projection on Landau levels and localise it in space, this will be the central object in the
definition of the semi-classical densities. Then we prove a Lieb-Thirring inequality in Section IV
to deal with L2 potentials. The last two sections contain the proof of Theorem I.5 and Theorem
I.7. In Section V we justify the semi-classical approximation and express the energy in terms of
semi-classical densities. Finally, in Section VI we prove the mean-field approximation giving
an upper and a lower energy bound. Section VII contains technical lemmas whose proofs can
safely be skipped by the reader.
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II Quantization

In this Section, we recall the diagonalization of the magnetic Laplacian (I.1). We construct
an orthonormal basis of L2pΩq adapted to the Landau levels in terms of magnetic periodic
eigenstates of Lh̄,b (II.15). This fact is already well known in the literature, see [11], [12] or
in [10, section 3.9]. Thus the reader may go directly to (II.15). Then, we will prove another
expression for the eigenfunctions in Proposition II.7 using the Poisson summation formula.

II.1 Magnetic translation operators
In this subsection we explain the definition of the boundary conditions (I.4).

Notation II.1

Let z0 P C, define the translation operator on u P L2
loc pR2q by

Tz0u – up‚ ´ z0q

We define the magnetic translation operators as

τz0 – eiφz0Tz0 (II.1)

They define the conditions (I.4) on BΩ. Let k ě 1, the magnetic periodic Sobolev space is

Hk
mppΩq –

␣

ψ P Hk
pΩq such that (I.4) hold

(

We will use similar notation for other usual functional spaces where the subscript mp stands
for magnetic periodic and p for periodic. The domain of the magnetic momentum

Ph̄,b – ih̄∇ ` bA

is

DompPh̄,bq – H1
mppΩq

In Coulomb gauge, there exists ϕ P C8 pR2,Rq such that the vector potential satisfies

A “ ∇Kϕ –

ˆ

´Byϕ
Bxϕ

˙

(II.2)

For k ą 1, HkpΩq ãÑ C0pΩq, so the conditions (I.4) are well defined. For k “ 1 they are
defined with the trace operator T and ψ|Ω – Tψ.

For some examples of Coulomb gauges, one can take the symmetric gauge:

ϕsym –
|z|2

4
ASym –

1

2
px, yq

K –
1

2
p´y, xq φz0,sym –

x0y ´ y0x

2l2b
(II.3)
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or the Landau gauge:

ϕLan –
y2

2
ALan “ p´y, 0q φz0,Lan – ´

y0x

l2b
(II.4)

If we insert the Landau gauge (II.4) in (I.4) we get the boundary conditions in Landau gauge:

@t P r0, Ls,

$

&

%

ψpL ` itq “ ψpitq

ψpt ` iLq “ e
´i
Lt
l2b ψptq

(II.5)

We here emphasize the importance of the flux quantization (I.9). We are able to impose magnetic
periodic boundary conditions in both directions if and only if the flux is quantized:

rτL, τiLs “ 0 ðñ
L2

l2b
P 2πZ

and in this case,

@k ě 1, Hk
mppΩq “

␣

ψ|Ω, ψ P Hk
loc

`

R2
˘

such that τLψ “ τiLψ “ ψ
(

(II.6)

In view of (II.6) we will identify ψ P Hk
mppΩq and its extension on R2 from now on. The magnetic

Laplacian (I.1) commutes with the magnetic translations defined in (I.3), (II.1):

rPh̄,b, τz0s “ 0 on H1
mppΩq and rLh̄,b, τz0s “ 0 on H2

mppΩq

II.2 Landau Level quantization
This subsection is devoted to the usual formalism for the description of the magnetic Laplacian
in terms of annihilation and creation operators. More details about these operators and the
properties of Landau levels can be found in [3].

Notation II.2

We denote by πx, πy the coordinates of the magnetic momentum:

Ph̄,b —

ˆ

ih̄Bx ` bAx
ih̄By ` bAy

˙

—

ˆ

πx
πy

˙

and define the annihilation and creation operators respectively as

a –
πy ´ iπx

?
2h̄b

a: –
πy ` iπx

?
2h̄b

(II.7)

and the number of excitation operator N – a:a.

The quantization of the magnetic Laplacian comes from the following commutation relations:

rπx, πys “ ih̄b (II.8)
“

a, a:
‰

“ Id (canonical commutation relation)
rτz0 , as “

“

τz0 , a
:
‰

“ 0 (II.9)
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and

Lh̄,b “ 2h̄b

ˆ

N `
Id
2

˙

(II.10)

Lh̄,b defines the Sobolev space pDom pLh̄,bq , x‚yL q with

xχ|ψyL – xLh̄,bχ|ψy

which is equivalent to pH2
mppΩq, x‚yH1q. The quadratic form defined by x‚yL is continuous,

Hermitian and coercive on Dom pLh̄,bq. Thus Lh̄,b is a closed positive self-adjoint operator and
the embedding

Dom pLh̄,bq ãÑ L2
pΩq

is continuous and compact.

H2
mppΩq contains the smooth and compactly supported functions, so it is dense in L2pΩq.

We can conclude using the Lax-Milgram theorem [2, Corollary 4.26] that the resolvent of Lh̄,b

is well defined and compact. Applying the spectral theorem to the resolvent of Lh̄,b proves
that its spectrum is punctual and L2pΩq is a Hilbertian direct sum of eigenspaces of Lh̄,b. The
same conclusions also holds for the N -body Hamiltonian (I.6) since the magnetic Laplacian is
of dominant order in it. N inherits the properties of Lh̄,b and it is well known that

sppN q “ N

Notation II.3: Landau levels

We define the nth Landau level as the eigenspace associated to n P N:

nLL – tψ P Dom pLh̄,bq such that Nψ “ nψu

The ground level, denoted LLL for Lowest Landau Level has energy E0 “ h̄b.

The Landau levels are isomorphic and the operator a:{
?
n ` 1 is a unitary map from nLL

to (n+1)LL of inverse a{
?
n ` 1 [3]. This means that one can generate a basis of any Landau

level with successive applications of a: on basis elements of LLL.

II.3 Expression of the eigenfunctions
It is well known [3] that

LLL Ă kerpaq Ă OpΩqe
´
ϕ

l2
b

where OpΩq is the set of holomorphic functions and ϕ is defined in (II.2). This proves that the
zeros of ψ P LLL are given by the zeros of a holomorphic function. Since zeros of a holomorphic
function must be isolated, the compactness of the domain implies that eigenfunctions have
a finite number of zeros. Actually, this number of zeros is d defined in (I.9), and therefore
independent of the state, see [11, section 1] as a reference.
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Notation II.4: Theta functions

Let τ be a complex parameter in the upper half plane, we define

θpz, τq –
ÿ

kPZ

eiπτk
2`2iπkz

Following the proof of [12] or [22, Chapter V Theorem 8], the Landau levels have a finite
degeneracy and

@n P N,Dim(nLL) “ d

With a direct computation we can express the eigenfunctions of the magnetic Laplacian (I.1) in
term of theta functions. The following family, indexed by l P rr0, d´ 1ss, is an orthonormal basis
of the lowest Landau level in Landau gauge:

ψ0lpzq –
π´ 1

4

?
Llb

e2iπl
x
L

ÿ

kPZ

e
2iπkd x

L
´ 1

2l2
b
py`kL`lL

d q
2

(II.11)

“
π´ 1

4

?
Llb

e
´πl2

d
´
y2

2l2
b

`2iπl z
L θ

´

d
z

L
` il, id

¯

(II.12)

One can check that the above eigenfunctions satisfy the boundary conditions (II.5). Using
(II.11) we observe the L-periodicity along the real axis. Along the imaginary axis we increment
the index k by 1:

ψ0lpz ` iLq “
π´ 1

4

?
Llb

e2iπl
x
L

ÿ

kPZ

e
2iπkd x

L
´ 1

2l2
b
py`pk`1qL`lL

d q
2

“ e´2iπd x
Lψ0lpzq

and obtain the magnetic periodic boundary conditions in Landau gauge (II.4). The lowest
Landau level is then generated by successive magnetic translations. Indeed if l P rr0, d ´ 1ss,

ψ0l “

´

τ´iL
d

¯l

ψ00 “ τ´ilL
d
ψ00 (II.13)

In order to obtain a full basis of L2, we only need to apply successively a: to generate the
Landau levels and τ´iL

d
to generate the eigenfunctions inside a Landau level. The successive

applications of a: bring out Hermite polynomials.

Notation II.5: Hermite polynomials

For n P N, we define the nth Hermite polynomial by

Hn – p´1q
nex

2

ˆ

d

dx

˙n

e´x2 (II.14)

Using this, a direct computation shows that the following family indexed by pn, lq P

N ˆ rr0, d ´ 1ss is a Hilbert basis of eigenfunctions of Lh̄,b in Landau gauge:

ψnl –
a:n

?
n!

´

τ´iL
d

¯l

ψ00
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“
cn

?
Llb

e2iπl
x
L

ÿ

kPZ

Hn

ˆ

1

lb

„

y ` kL ` l
L

d

ȷ˙

e
2iπkd x

L
´ 1

2l2
b
py`kL`lL

d q
2

(II.15)

with the normalization factor

cn –
1

π
1
4

?
n!

ˆ

´i
?
2

˙n

As expected with our boundary conditions the modulus of the eigenfunctions:

|ψnl| “

ˇ

ˇ

ˇ

ˇ

ˇ

cn
?
Llb

ÿ

kPZ

Hn

ˆ

1

lb

„

y ` kL ` l
L

d

ȷ˙

e
2iπkd x

L
´ 1

2l2
b
py`kL`lL

d q
2
ˇ

ˇ

ˇ

ˇ

ˇ

(II.16)

is periodic on the lattice LZ2, but the periodicity along the real axis is even shorter. Indeed we
see in (II.16) that |ψnl| is L{d-periodic in x.

We can write another useful form of equation (II.15) using the Poisson summation formula.
The advantage of the expression in Proposition II.7 is the fact that the index l is decoupled from
the polynomials and the Gaussian factors which is not the case in (II.15). This will simplify the
computation of the Landau level’s projector when we will sum over l in (III.4).

Notation II.6: Fourier transform

We use the convention

Fgpνq – ĝpνq –
1

?
2π

ż

R

gpxqe´iνxdx

for which F is unitary on L2pRq. And denote the Hermite function

hnpxq – Hnpxqe´x2

2 (II.17)

In this convention the Poisson summation formula is
ÿ

kPZ

gpkq “
?
2π

ÿ

kPZ

ĝ p2πkq (II.18)

hn are the eigenfunctions of the one dimensional harmonic oscillator and of the Fourier transform:

Fhn “ p´iqnhn (II.19)

with the following normalization

∥hn∥2L2 “
?
π2nn! (II.20)

With this we are ready for the next computation (see Section VII):
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Proposition II.7: Poisson summation of eigenfunctions

In Landau gauge,

ψnlpzq “ rcn

?
lb

L
3
2

e
´ixy

l2
b

ÿ

kPZ

Hn

ˆ

1

lb

„

x ` k
L

d

ȷ˙

e
´2iπkp yL` l

dq´ 1

2l2
b
px`kL

d q
2

with the normalization factor

rcn –
π

1
4 p´1qn2

1´n
2

?
n!
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III Projectors on Landau levels

From the construction of an L2pΩq basis adapted to Landau levels, we define the projectors on
Landau levels in Notation III.1. Since the phase space is N ˆ Ω we also want to localise the
projectors in space. Then we prove some properties of the projector that will be needed for
the semi-classical analysis. In Proposition III.2 we give an equivalent for the diagonal of the
projector’s integral kernel, and in Corollary III.3 an equivalent for its trace.

III.1 nLL projectors
Notation III.1: Projectors

The orthogonal projector on nLL is

Πn –

d´1
ÿ

l“0

|ψnl⟩ ⟨ψnl|

Let g P C8pR2,R`q radial with support included in the ball Bp0, L{2q such that ∥g∥L2 “ 1.
Let λ ě 1, define the localizer gλ P C8pTq defined by

gλpxq –

#

λgpλxq if x P B
`

0, L
2λ

˘

0 else

Note that

∥gλ∥L2 “ 1

@X – pn,Rq P N ˆ Ω, define the localised projector

ΠX – Πn,R –gλp‚ ´ RqΠngλp‚ ´ Rq (III.1)

We assume the following scaling for λ – pλNqN :

1 ! λ !
N´ 1

2

h̄2
(III.2)

This localised projector was introduced by Lieb, Solovej and Yngvason in [20] and [21] where
it has been called coherent operator. We take the bounds (III.2) in order to have g2λ

˚
á δ so the

projector is well localised and

h̄2

lb
λ “ h̄bλlb ! 1

This is necessary because h̄bλlb is the order of some error terms coming from the kinetic energy
(for example in Proposition VI.6). @X – pn,Rq P N ˆ Ω,Πn and ΠX are positive satisfy the
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following resolution of identity:

ÿ

nPN

Πn “ Id,
ż

NˆΩ

ΠXdηpXq “ Id (III.3)

III.2 Integral kernels of the projectors
From Proposition II.7, using

d´1
ÿ

l“0

e2iπl
p´k
d “ d1p“k pmod dq (III.4)

and the notations (II.17) and x – x1 ` ix2, y “ y1 ` iy2, the expression of the nLL-projector’s
kernel is

Πnpx, yq “
1

∥hn∥2L2 Llb
e
i
y1y2´x1x2

l2
b

ÿ

k,qPZ

Hn

ˆ

1

lb

„

x1 ` k
L

d

ȷ˙

Hn

ˆ

1

lb

„

y1 ` qL ` k
L

d

ȷ˙

¨ e
2iπk

y2´x2
L

`2iπdq
y2
L

´ 1

2l2
b
px1`kL

d q
2

´ 1

2l2
b
py1`qL`kL

d q
2

(III.5)

The simplification for the sum in l is the reason why we used the Poisson formula on
eigenfunctions. The argument does not work on the expression in (II.15) since the Gaussian
terms depend on l. If we consider the same setup on the whole space R2 instead of Ω, the
expression of the projector in Landau gauge becomes (see [10, Section 3.2]):

Π8
0 px, yq –

1

2πl2b
e

´
|x´y|

2l2
b

`i Imrxys

4l2
b

`i
y1y2´x2x1

2l2
b

The next proposition states that the diagonal of the projector’s kernel on Ω converges to that
of the projector on the whole space. This is expected since the limit is equivalent to a scaling
where the size of the domain goes to infinity.

Proposition III.2: Convergence of the integral kernel

The kernel (III.5) satisfies ∥∥∥∥Πnpz, zq ´
1

2πl2b

∥∥∥∥
L8

ď
Cpnq

Llb
(III.6)

Moreover with notation (II.17),∥∥∥∥∥∥pPh̄,bΠnqpz, zq ´
b

lb
¨

1

2π ∥hn∥2L2

ż

R

ˆ

ih1
npuq

uhnpuq

˙

hnpuqe´u2du

∥∥∥∥∥∥
L8

ď Cpnqb (III.7)

The proof of this result is purely about the convergence of some Riemann sums, see Section
VII. Finally, we compare the trace of Πn,R to the trace of the projector on the whole space.
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Corollary III.3: Approximation of the projector’s trace

ˇ

ˇ

ˇ

ˇ

Tr rΠn,Rs ´
1

2πl2b

ˇ

ˇ

ˇ

ˇ

ď
Cpnq

lb

Proof:

This is a direct consequence of Proposition III.2 after integrating on z P Ω:

Tr rΠn,Rs “

ż

Ω

Πn,Rpz, zqdz “
1

2πl2b

ż

Ω

gλpz ´ Rq
2dz ` O

ˆ

1

lb

˙

“
1

2πl2b
` O

ˆ

1

lb

˙
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IV A Lieb-Thirring inequality

In this section we prove a Lieb-Thirring inequality for the magnetic Laplacian with magnetic
periodic boundary conditions:

Theorem IV.1: Kinetic energy inequality

Let γ P L1pL2pΩqq a positive operator, then for large enough b,
ż

Ω

ρ2γ ď
C ∥γ∥L8

h̄2
Tr rLh̄,bγs (IV.1)

Moreover if ψN P L2
´pΩNq with ∥ψN∥L2 “ 1,

∥∥∥ρp1q

ψN

∥∥∥2

L2
ď
C

h̄b
Tr

”

Lh̄,bγ
p1q

ψN

ı

and

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ω

V ρ
p1q

ψN

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
C

h̄b
Tr

”

Lh̄,bγ
p1q

ψN

ı

∥V ∥L2 (IV.2)

ż

Ω2

wρ
p2q

ψN
ď
C

h̄b
Tr

”

Lh̄,bγ
p1q

ψN

ı

∥w∥L2 (IV.3)

This result is well known in the absence of magnetic field, see [8, Theorem 5.2]. We adapt
the proof of [9, Chapter 4] to magnetic periodic boundary conditions. To achieve this we prove
the following sequence of inequalities: a Kato inequality (Lemma IV.2), a diamagnetic inequality
for Green functions (Proposition IV.5), a Lieb-Thirring inequality (Theorem IV.6) from which
we deduce the inequality on the kinetic energy (Theorem IV.1). The reader already familiar
with Lieb-Thirring inequalities might jump to Section V.

IV.1 Reduced densities
We give here some usual properties of the reduced density matrices, see Notation I.6. Let γN be
an N -body density matrix,

Tr rHNγN s

N
“ Tr

”

pLh̄,b ` V q γ
p1q

N

ı

` Tr
”

wγ
p2q

N

ı

(IV.4)

moreover, reduced densities inherit trace and Pauli principle from γN :

Tr
”

γ
pkq

N

ı

“ 1, 0 ď γ
pkq

N ď
k! pN ´ kq!

N !
(IV.5)

We can also express the reduced density matrices in term of integral kernels:

γ
pkq

N px1:k, y1:kq –

ż

ΩN´k

γNpx1:k, xk`1:N ; y1:k, xk`1:Nqdxk`1:N (IV.6)
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The reduced density matrices are symmetric under permutation of coordinates:

@σ P Sk, γ
pkq

N

`

xσp1:kq, yσp1:kq

˘

“ γ
pkq

N px1:k, y1:kq

and consistent:

@q P J1 : kK , γpqq

N px1:q, y1:qq “

ż

Ωk´q

γNpx1:q, xq`1:k; y1:q, xq`1:kqdxq`1:k

Note that the densities ρpkq
γN inherit the symmetry and the consistency from the density matrices.

IV.2 A Kato inequality with periodic boundary conditions
One can look at [24, Theorem X.27] for a proof of the Kato inequality in the non magnetic case.

Lemma IV.2: Periodic Kato inequality

Define the complex sign

spuq –

$

&

%

u

|u|
if u ‰ 0

0 if u “ 0

Let u P C8pΩq then |u| P H1pΩq and

|h̄∇ |u|| ď |Ph̄,bu| (IV.7)

Moreover if |u| is periodic, then

´h̄2∆ |u| ď Re rspuqLh̄,bus (IV.8)

in the weak sense on C8
p pΩq, or equivalently, @φ P C8

p pΩ,R`q,

´h̄2
ż

Ω

|u|∆φ ď

ż

Ω

Re rspuqLh̄,busφ

Proof:

1

2
h̄∇ |u|

2
“

1

2
h̄∇puuq “ Re ruh̄∇us “ Re ru ph̄∇ ´ ibAqus

so taking absolute values
ˇ

ˇ

ˇ

ˇ

ˇ

h̄
∇ |u|

2

2

ˇ

ˇ

ˇ

ˇ

ˇ

ď |u| |Ph̄,bu| (IV.9)

Define

uϵ “

b

|u|
2

` ϵ2 P C8
p pΩ,R˚

`q
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Using (IV.9),

|h̄∇uϵ| “

ˇ

ˇh̄∇ |u|
2
ˇ

ˇ

2uϵ
ď

|u|

uϵ
|Ph̄,bu| ď |Ph̄,bu| (IV.10)

So ∇uϵ is bounded in L2pΩ,R2q and converges weakly to v P L2pΩ,R2q up to sequence of ϵ.
Let φ P C8

c pintpΩq,R2q, since φ P L2 pΩ,R2q and 0 ď uϵ ´ |u| ď ϵ
ż

Ω

v ¨ φ “ lim

ż

Ω

∇uϵ ¨ φ “ ´ lim

ż

Ω

uϵ∇ ¨ φ “ ´

ż

Ω

|u|∇ ¨ φ

so v “ ∇ |u| and the bound (IV.10) passes to the limit and we obtain (IV.7).
To prove (IV.8) we use polar coordinates

u — |u| eiθ

Let x P Ω, if |u| pxq ‰ 0, |u| is smooth on a neighbourhood Vx of x where |u| ą 0 and thus

∇uϵ “
|u|

uϵ
∇ |u| Ñ∇ |u| pointwhise on Vx

eiθ “ u{ |u| is also smooth and up to another restriction of Vx we can invert the complex
exponential so θ is smooth. Using Cauchy-Schwarz inequality

Re rspuqLh̄,bus “Re
“

e´iθ
`

´h̄2∆ ` 2ih̄bA ¨ ∇ ` ih̄bp∇.Aq ` |bA|
2
˘

|u| eiθ
‰

“ ´ h̄2∆ |u| ` Re
“

´ |u| e´iθh̄2∆eiθ ´ 2ih̄2∇ |u| ¨ ∇θ ` 2ih̄bA ¨ ∇ |u|
‰

´ 2h̄b |u|A ¨ ∇θ ` |u| |bA|
2

“ ´ h̄2∆ |u| ` Re
“

´ih̄2 |u|∆θ ` |u| h̄2 |∇θ|
2
‰

´ 2h̄b |u|A ¨ ∇θ ` |u| |bA|
2

“ ´ h̄2∆ |u| ` h̄2 |u| |∇θ|
2

´ 2h̄b |u|A ¨ ∇θ ` |u| |bA|
2

ě ´h̄2∆ |u|

Note that if upxq “ 0 then x is a local minimum of uϵ so

∆uϵpxq ě 0

Let φ P C8
p pΩ,R`q, since uϵ and φ are periodic

ż

Ω

uϵ∆φ “

ż

Ω

φ∆uϵ ě

ż

Ωzu´1pt0uq

φ∆uϵ (IV.11)

Now we take ϵ Ñ 0, uϵ converges uniformly to |u| so
ż

Ω

uϵ∆φ Ñ
ϵÑ0

ż

Ω

|u|∆φ (IV.12)

Using |u| ď uϵ, when upxq ‰ 0,

∆uϵ “ ∇ ¨
|u|∇ |u|

uϵ
“

|∇ |u||
2

` |u|∆ |u|

uϵ
´

|u|
2

|∇ |u||
2

u3ϵ
ě

|u|

uϵ
∆ |u| (IV.13)
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so (IV.11) implies that
ż

Ω

uϵ∆φ ě

ż

Ωzu´1pt0uq

φ
|u|

uϵ
∆ |u| (IV.14)

With dominated convergence using inequality (IV.13),
ż

Ωzu´1pt0uq

φ
|u|

uϵ
∆ |u| Ñ

ϵÑ0

ż

Ωzu´1pt0uq

φ∆ |u| (IV.15)

With (IV.14), (IV.12) and (IV.15) we have
ż

Ω

|u|∆φ ě

ż

Ωzu´1pt0uq

φ∆ |u|

we can conclude that

´h̄2
ż

Ω

|u|∆φ ď ´ h̄2
ż

Ωzu´1pt0uq

φ∆ |u| ď

ż

Ωzu´1pt0uq

Re rspuqLh̄,busφ “

ż

Ω

Re rspuqLh̄,busφ

IV.3 Diamagnetic inequality
The diamagnetic inequality in terms of Green functions allows us to restrict ourselves to the
non magnetic case.

Notation IV.3: Green functions

Resolvents of ´h̄2∆ with periodic boundary conditions and Lh̄,b are well defined for λ ą 0:

GbA,λ – pLh̄,b ` λq
´1 Gλ – p´h̄2∆ ` λq

´1

Their integral kernels define the corresponding Green functions.

They have the following properties:

Property IV.4

Let x P Ω, then GbA,λpx, ‚q, Gλpx, ‚q P L2pΩq and

Gλpx, yq “ Gλpx ´ yq “ Gλpy ´ xq “
1

L2

ÿ

kP 2πh̄
L

Z2

1

k2 ` λ
eik¨px´yq

ě 0
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Proof:

The periodic Laplacian is diagonalizable in the plane wave basis indexed by k P
2π

L
Z2:

ekpxq –
1

L
eik¨x

Indeed

´h̄2∆ ` λ “
ÿ

kP 2π
L

Z2

`

h̄2k2 ` λ
˘

|ek⟩ ⟨ek|

so

Gλpx, yq “
1

L2

ÿ

kP 2π
L

Z2

1

h̄2k2 ` λ
eik¨px´yq

A change of index k – ´k gives Gλpx, yq P R. Let f P L2pΩq, since Gλf solves

p´h̄2∆ ` λqu “ f, u P H2
p pΩq

by the Lax-Milgram theorem, Gλf is the unique minimizer of the following functional

J puq –

ż

Ω

`

h̄2 |∇u|
2

` λ |u|
2

´ fu
˘

dx

Assuming f ě 0, we see that J puq ě J p|u|q and conclude that Gλf ě 0. This implies that
Gλpx, yq ě 0. Finally,

´h̄2∆ ` λ ě λ and Lh̄,b ` λ ě λ

so

∥Gλ∥L8 ď
1

λ
and ∥GbA,λ∥L8 ď

1

λ

and GbA,λpx, ‚q, Gλp‚, yq P L2pΩq.

Now we prove a diamagnetic inequality:

Proposition IV.5: Diamagnetic inequality for Green functions

For all x P Ω and for almost every y P Ω,

|GbA,λpx, yq| ď Gλpx, yq
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Proof:

Let φ P C8pΩq, by definition
ż

Ω

GbA,λ px, ‚q pLh̄,b ` λqφ “ GbA,λ pLh̄,b ` λqφ “ φ

so, in the distributional sense

pLh̄,b ` λqGbA,λpx, ‚q “ δx (IV.16)

Let ρ P C8pR2,R`q radial with support included in the ball Bp0, L{2q such that ∥ρ∥L1 “ 1.
Let n P N˚, define the localizer ρn P C8pTq defined by

ρnpxq –

#

n2ρpnxq if x P B
`

0, L
2n

˘

0 else

Since ρn is periodic, the regularisation

ux – GbA,λpx, ‚q ˚ ρn P C8
p pΩq

Thus, equation (IV.16) becomes

pLh̄,b ` λqux “ δx ˚ ρn “ ρnpx ´ ‚q (IV.17)

We estimate

Re rspuxq pLh̄,b ` λquxs “ Re rspuxqρnpx ´ ‚qs ď ρnpx ´ ‚q

Then we apply Kato’s inequality (IV.7) to ux, use spuxqux “ |ux| and obtain
`

´h̄2∆ ` λ
˘

|ux| ď Re rspuxqLh̄,buxs ` λ |ux| ď ρnpx ´ ‚q (IV.18)

in a weak sense on C8
p pΩq˚.

Similarly as (IV.17),

p´h̄2∆ ` λqρn ˚ Gλp‚, yq “ ρnpy ´ ‚q

Thus testing inequality (IV.18) on ρn ˚ Gλp‚, yq P C8
p pΩ,R`q we get

ż

Ω

|uxpzq| ρnpy ´ zqdz ď

ż

Ω

ρnpx ´ zqρn ˚ Gλp‚, yqpzqdz

With the changes of variables t – t ` x ´ y, z – z ` x ´ y and Property IV.4,

|GbA,λpx, ‚q ˚ ρn| ˚ ρnpyq ď

ĳ

Ω2

ρnpx ´ zqρnpz ´ tqGλpt ´ yqdzdt

“

ĳ

Ω2

ρnp2x ´ y ´ zqρnpz ´ tqGλpt ´ xqdzdt
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“ρn ˚ ρn ˚ Gλpx, ‚qp2x ´ yq (IV.19)

If φn Ñ φ in L2pΩq, by Young’s inequality

∥ρn ˚ φn ´ φ∥L2 ď ∥ρn ˚ pφn ´ φq∥L2 ` ∥ρn ˚ φ ´ φ∥L2

ď ∥ρn∥L1 ∥φn ´ φ∥L2 ` ∥ρn ˚ φ ´ φ∥L2 Ñ
nÑ8

0

Let x P Ω, with Property IV.4, after extraction of a subsequence, |ρn ˚ GbA,λpx, ‚q| Ñ

|GbA,λpx, ‚q| in L2pΩq so

|GbA,λpx, ‚q ˚ ρn| ˚ ρn Ñ
nÑ8

|GbA,λpx, ‚q|

in L2pΩq and up to another subsequence almost everywhere. Similarly, almost everywhere

ρn ˚ ρn ˚ Gλpx, ‚q Ñ
nÑ8

Gλpx, ‚q

So passing to the limit in (IV.19), for almost every y P Ω,

|GbA,λpx, yq| ď Gλpx, 2x ´ yq “ Gλpy ´ xq “ Gλpx, yq

IV.4 Lieb-Thirring inequality
We add a constant to the Laplacian to ensure that the constant function has a non-zero energy.

Theorem IV.6: Lieb-Thirring Inequality

Let V P L2pΩ,R`q,

´Tr
”

1pLh̄,b`1´Vqď0 pLh̄,b ` 1 ´ Vq

ı

ď
CLT

h̄2

ż

Ω

Vpxq
2dx (IV.20)

Proof:

We denote Nλ the number of eigenvalues of Lh̄,b ` 1 less than or equal to λ. From [9, Section
4.3],

´Tr
”

1pLh̄,b`1´Vqď0 pLh̄,b ` 1 ´ Vq

ı

“

ż

R`

Nλdλ

Define the Birman-Schwinger operator

Kλ –
?
VGbA,λ

?
V

and let Bλ be the number of eigenvalues of Kλ greater or equal to 1. We use the diamagnetic
inequality to restrict to the non magnetic case. Since GbA,λ is positive, we can define its
square root. Using the arguments of [9, Theorem 4.4] we can deduce from Proposition IV.5
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the diamagnetic inequality for
a

GbA,λ:
ˇ

ˇ

ˇ

a

GbA,λpx, yq

ˇ

ˇ

ˇ
ď
a

Gλpx, yq

Hence with Proposition IV.5,

ˇ

ˇ

ˇ
G

3
2
bA,λpx, yq

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ω

GbA,λpx, zq
a

GbA,λpz, yqdz

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ż

Ω

Gλpx, zq
a

Gλpz, yqdz “ G
3
2
λ px, yq

So taking m – 3{2 and using an inequality on the traces of powers (see [9, Theorem 4.5]),

Nλ “ Bλ ď Tr rKm
λ s ď Tr

“

V
m
2 Km

λ V
m
2

‰

ď

ż

Ω

Vpxq
m
ˇ

ˇGm
A,λ`1px, xq

ˇ

ˇ dx

ď

ż

Ω

Vpxq
mGm

λ`1px, xqdx

So we obtain

´Tr
”

1pLh̄,b`1´Vqď0 pLh̄,b ` 1 ´ Vq

ı

ď

ż

Ω

8
ż

1

Vpxq
mGm

λ px, xqdxdλ (IV.21)

The kernel of Gm
λ is

Gm
λ pxq “

1

L2

ÿ

kP 2πh̄
L

Z2

1

pk2 ` λq
m e

i k¨x
h̄

We use the integral bound for the sum
ÿ

kPZ

1

pk2 ` λq
m ď λ´m

`

ż

R

1

pu2 ` λq
mdu

so

Gm
λ p0q “

1

L2

ÿ

k,qPZ

1
´

`

2πh̄
L

˘2
pk2 ` q2q ` λ

¯m “
1

L2

ˆ

L

2πh̄

˙2m
ÿ

k,qPZ

1
´

k2 ` q2 `
`

L
2πh̄

˘2
λ
¯m

ď
1

L2

ˆ

L

2πh̄

˙2m
ÿ

kPZ

¨

˝

1
´

k2 `
`

L
2πh̄

˘2
λ
¯m `

ż

R

1
´

k2 ` u2 `
`

L
2πh̄

˘2
λ
¯mdu

˛

‚

We estimate the integral

ż

R

1
´

k2 ` u2 `
`

L
2πh̄

˘2
λ
¯mdu “

˜

k2 `

ˆ

L

2πh̄

˙2

λ

¸´m
ż

R

1
ˆ

u2

k2`p L
2πh̄q

2
λ

` 1

˙mdu
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“
Ipmq

´

k2 `
`

L
2πh̄

˘2
λ
¯m´ 1

2

with

m ą
1

2
ùñ Ipmq –

ż

R

1

p1 ` u2qm
du ă 8

Similarly

Gm
λ p0q ď

1

L2

ˆ

L

2πh̄

˙2m
ÿ

kPZ

¨

˚

˝

1
´

k2 `
`

L
2πh̄

˘2
λ
¯m `

Ipmq
´

k2 `
`

L
2πh̄

˘2
λ
¯m´ 1

2

˛

‹

‚

ď
λ´m

L2
`
Ipmq

2πh̄L
λ´m` 1

2

`
1

L2

ˆ

L

2πh̄

˙2m

¨

˚

˝

ż

R

1
´

u2 `
`

L
2πh̄

˘2
λ
¯mdu `

ż

R

Ipmq
´

u2 `
`

L
2πh̄

˘2
λ
¯m´ 1

2

du

˛

‹

‚

ď
λ´m

L2
`
Ipmq

πh̄L
λ´m` 1

2 `
1

p2πh̄q
2 IpmqI

ˆ

m ´
1

2

˙

λ´m`1

ď
Cpmq

h̄2
λ´m`1

since λ ě 1. We need m ą 1 for the integrals to converge. We use the same trick as [9]
changing the potential to

Wλpxq – max

ˆ

V ´
λ

2
, 0

˙

Combining this with (IV.21) and the change of variable

µ –
2V pxq

λ
, dλ “ ´

2V pxq

µ2
dµ

we obtain

´Tr
”

1pLh̄,b`1´Vqď0 pLh̄,b ` 1 ´ Vq

ı

ď
Cpmq

h̄2

8
ż

1

ż

Ω

λ´m`1max

ˆ

V pxq ´
λ

2
, 0

˙m

dλdx

ď
Cpmq

h̄2

ż

Ω

¨

˝

2V pxq
ż

0

λ

ˆ

2V pxq

λ
´ 1

˙m

dλ

˛

‚dx

“
Cpmq

h̄2

ż

Ω

¨

˝

8
ż

1

2V pxq

µ
pµ ´ 1q

m
¨
2V pxq

µ2
dµ

˛

‚dx
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“
Cpmq

h̄2

ż

Ω

V pxq
2

¨

˝

8
ż

1

pµ ´ 1q
m

µ3
dµ

˛

‚dx

The integral in µ converges if 3 ´ m ą 1. To conclude we need 1 ă m ă 2 hence the choice
m “ 3{2 is convenient.

This leads to proof of the Fundamental inequality of kinetic energy:

Proof of Theorem IV.1:

With the variational principle and the Lieb-Thirring inequality (IV.20),

Tr rpLh̄,b ` 1q γs “Tr rpLh̄,b ` 1 ´ Vq γs ` Tr rVγs

ě ∥γ∥L8 Tr
”

1pLh̄,b`1´Vqď0 pLh̄,b ` 1 ´ Vq

ı

` Tr rVγs

ě ´
CLT ∥γ∥L8

h̄2

ż

Ω

V2
`

ż

Ω

Vργ

Then choose V – CN1ργďcργ:

Tr rpLh̄,b ` 1q γs ě CN

ˆ

1 ´ CN
CLT ∥γ∥L8

h̄2

˙
ż

ργďc

ργ
2

The constant preceding the integral is maximal when

CN –
h̄2

2CLT ∥γ∥L8

and we get

Tr rpLh̄,b ` 1q γs ě
h̄2

4CLT ∥γ∥L8

ż

ργďc

ργ
2 (IV.22)

Since Lh̄,b ě h̄b,

Tr rLh̄,bγs ě h̄bTr rγs

so because h̄b Ñ 8,

Tr rpLh̄,b ` 1q γs ď

ˆ

1 `
1

h̄b

˙

Tr rLh̄,bγs ď CTr rLh̄,bγs

With this and monotone convergence we take the limit c Ñ 8 in inequality (IV.22) and
obtain (IV.1). Applying this to (IV.5), we have

1

h̄b
Tr

”

Lh̄,bγ
p1q

ψN

ı

ě C
l2b∥∥∥γp1q

ψN

∥∥∥
L8

∥∥∥ρp1q

ψN

∥∥∥2

L2
ě CNl2b

∥∥∥ρp1q

ψN

∥∥∥2

L2
ě C

∥∥∥ρp1q

ψN

∥∥∥2

L2
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For the second reduced density, by symmetry

N
´

Tr
”

Lh̄,bγ
p1q

ψN

ı

´ Tr
”

wγ
p2q

ψN

ı¯

“

〈
ψN

ˇ

ˇ

ˇ

ˇ

ˇ

˜

N
ÿ

i“1

Lh̄,bpxiq ´
2

N ´ 1

ÿ

iăj

wpxi ´ wjq

¸

ψN

〉

“

〈
ψN

ˇ

ˇ

ˇ

ˇ

ˇ

˜

N
ÿ

i“1

Lh̄,bpxiq ´
N

N ´ 1

N
ÿ

j“2

wpx1 ´ wjq

¸

ψN

〉

ě

〈
ψN

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“2

ˆ

Lh̄,bpxiq ´
N

N ´ 1
wpx1 ´ xjq

˙

ψN

〉

“

ż

Ω

〈
ψNpx, ‚q

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“2

ˆ

Lh̄,bpxiq ´
N

N ´ 1
wpx ´ xjq

˙

ψNpx, ‚q

〉
dx

“

ż

Ω

¨

˝

〈
ψNpx, ‚q

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“2

Lh̄,bpxiqψNpx, ‚q

〉
´ N

ż

Ω

wpx ´ yqρ
p1q

ψN px,‚q
dy

˛

‚dx

Then using (IV.2) and then Young’s inequality,

Tr
”

Lh̄,bγ
p1q

ψN

ı

´ Tr
”

wγ
p2q

ψN

ı

ě
1

N

ż

Ω

¨

˝Ch̄bpN ´ 1q

∥∥∥ρp1q

ψN px,‚q

∥∥∥2

L2
´ N

ż

Ω

wpx ´ yqρ
p1q

ψN px,‚q
dy

˛

‚dx

ě

ż

Ω

¨

˝Ch̄b
∥∥∥ρp1q

ψN px,‚q

∥∥∥2

L2
´

ż

Ω

wpx ´ yqρ
p1q

ψN px,‚q
dy

˛

‚dx

ě

ż

Ω

ˆ

Ch̄b
∥∥∥ρp1q

ψN px,‚q

∥∥∥2

L2
´

1

2

ˆ

1

2Ch̄b
∥w∥2L2 ` 2Ch̄b

∥∥∥ρp1q

ψN px,‚q

∥∥∥2

L2

˙˙

dx ě ´
C

h̄b
∥w∥2L2

Changing w to ϵw, dividing by ϵ and using (IV.4) gives
ż

Ω2

wρ
p2q

ψN
ď

1

ϵ
Tr

”

Lh̄,bγ
p1q

ψN

ı

`
C

h̄b
ϵ ∥w∥2L2

To optimise in ϵ, we choose ϵ –
h̄b

∥w∥L2

, we get

ż

Ω2

wρ
p2q

ψN
ď

ˆ

1

h̄b
Tr

”

Lh̄,bγ
p1q

ψN

ı

` C

˙

∥w∥L2 ď
C

h̄b
Tr

”

Lh̄,bγ
p1q

ψN

ı

∥w∥L2

because Lh̄,b ě h̄b. Similarly with Young’s inequality and (IV.2),
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ω

V ρ
p1q

ψN

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
C

h̄b
Tr

”

Lh̄,bγ
p1q

ψN

ı

∥V ∥L2
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V Semi-classical limit

In this section we introduce the Husimi functions representing densities in the phase space. The
fundamentals properties of these functions can be found in Property V.2. Then we prove that
the N -body quantum energy can be approximated by a semi-classical functional depending only
on Husimi functions in Proposition V.4.

V.1 Husimi functions
Notation V.1

Let k P N˚, γk P L1pL2pΩkqq, recalling Notation III.1 and (I.21) we define the associated
Husimi functions or lower symbol as

mγkpX1:kq – Tr

«

γk

k
â

i“1

ΠXi

ff

with X1:k P pN ˆ Ωq
k

Conversely, if mk P L1
`

pN ˆ Ωqk
˘

, define the associated density matrix

γmk – p2πl2b q
k

ż

pNˆΩqk

mkpX1:kq

k
â

i“1

ΠXidη
bk

pX1:kq

We call mk the upper symbol of γmk . We also associate a density to mk:

ρmk –
ÿ

n1:kPNk

mkpn1:k; ‚q

we extend the definition (I.13) to Husimi functions, if k ě 2:

Esc,h̄b rmks –

ż

NˆΩ

Enm
p1q

k pn,Rqdηpn,Rq `

ż

NˆΩ

V m
p1q

k dη `

ż

pNˆΩq2

wm
p2q

k dηb2 (V.1)

and we also extend (I.16) to ρk P L1
`

Ωk
˘

:

EqLL rρks “

ż

Ω

V ρ
p1q

k `

ż

Ω2

wρ
p2q

k (V.2)

If one starts from ψN P L2
´

`

ΩN
˘

we use the notation

mψN – mγψN

For another discussion and further references about lower and upper symbols one can look
at [5, Definition 3.13]. The k-body Husimi function is the joint probability distribution for k
particles in phase space. Similarly as for (I.22), we have

mpkq
γN

“ m
γ

pkq

N
and ρpkq

mγN
“ ρ

m
pkq
γN
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We have the following properties for the Husimi functions, inherited from density matrices.

Property V.2: Husimi functions

Let γN be an N -body density matrix, then mpkq
γN are symmetric, consistent and satisfy

0 ď mpkq
γN

ď
pN ´ kq!

p2πl2b q
kN !

` Oplbq (V.3)
ż

pNˆΩqk

mpkq
γN
dηbk

“
∥∥mpkq

γN

∥∥
L1 “ 1 (V.4)

ρpkq
mγN

“ pg2λq
bk

˚ ρpkq
γN

(V.5)

These are the usual properties for Husimi functions slightly modified here due to the
approximation in Corollary III.3. The proof (see Section VII) uses the following translation
between reduced density matrices and Husimi functions:

Lemma V.3: Relations between Husimi functions and reduced densities

Let γk P L1
`

L2
`

Ωk
˘˘

be a positive operator, then mγk P L1
`

pN ˆ Ωqk
˘

and

0 ď mγk ď
∥γk∥L8

p2πl2b q
k

p1 ` Oplbqq

ż

pNˆΩqk

mγkdη
bk

“ Tr rγks

Conversely if mk P L1
`

pN ˆ Ωqk
˘

is positive, then γmk P L1pL2pΩkqq and

0 ď γmk ď
`

2πl2b
˘k ∥mk∥L8 Tr rγmks “ ∥mk∥L1 ` Oplbq

Moreover if γN P L1
`

L2
´

`

Ωk
˘˘

and 1 ď k ď N , then

mpkq
γN

ď
pN ´ kq!

p2πl2b q
k
N !

Tr rγN s p1 ` O plbqq

V.2 Semi-classical energy
Proposition V.4: Semi-classical approximation

Let ψN P L2
´pΩNq, ∥ψN∥L2 “ 1, the quantum energy can be approximated with the semi-

classical energy (V.1)

⟨ψN |HNψN⟩
N

“
NÑ8

Esc,h̄b rmψN s ` O
ˆ

fpλq

h̄b
Tr

”

Lh̄,bγ
p1q

N

ı

˙

` O
`

ph̄λq
2
˘

(V.6)

where

fpλq – max
`
∥∥g2λ ˚ V ´ V

∥∥
L2 ,

∥∥pg2λq
b2

˚ w ´ w
∥∥
L2

˘

Ñ
λÑ8

0 (V.7)
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The kinetic energy

1

h̄b
Tr

”

Lh̄,bγ
p1q

ψN

ı

will be bounded when we will take a sequence of minimizers of the N -body quantum energy.
Recalling (I.8) and (I.11),

blb “ O ph̄Nlbq “ O
´

h̄N
1
2

¯

" 1

so with (III.2)

ph̄λq
2

! h̄λ ! h̄bλlb ! 1 (V.8)

Moreover, λ Ñ 8 so the error terms in (V.6) will be small.

Proof of Proposition V.4:

With (IV.4) in mind, we start by computing the kinetic term. Inserting the resolution of
identity (III.3), we have

Tr
”

Lh̄,bγ
p1q

ψN

ı

“

ż

NˆΩ

Tr
”

Lh̄,bgλp‚ ´ RqΠngλp‚ ´ Rqγ
p1q

ψN

ı

dηpn,Rq

Now, we use Lh̄,bΠn “ EnΠn by commuting Lh̄,b with gλp‚ ´ Rq to obtain

Tr
”

Lh̄,bγ
p1q

ψN

ı

“Tr

»

–

ż

NˆΩ

EnΠn,Rγ
p1q

ψN
dηpn,Rq

fi

fl

` Tr

»

–γ
p1q

ψN

ż

NˆΩ

rLh̄,b, gλp‚ ´ RqsΠngλp‚ ´ RqdR

fi

fl

“

ż

NˆΩ

Enm
p1q

ψN
pn,Rqdηpn,Rq ` Tr

»

–γ
p1q

ψN

ż

Ω

rLh̄,b, gλp‚ ´ Rqs gλp‚ ´ RqdR

fi

fl

(V.9)

We compute

rPh̄,b, gλp‚ ´ Rqs “ ih̄∇gλp‚ ´ Rq

and

rLh̄,b, gλp‚ ´ Rqs “ rPh̄,b, gλp‚ ´ Rqs ¨ Ph̄,b ` Ph̄,b ¨ rPh̄,b, gλp‚ ´ Rqs

“ 2ih̄∇gλp‚ ´ Rq ¨ Ph̄,b ´ h̄2∆gλp‚ ´ Rq

“ Ph̄,b ¨ 2ih̄∇gλp‚ ´ Rq ` h̄2∆gλp‚ ´ Rq (V.10)

inserting this in (V.9), we find

Tr
”

Lh̄,bγ
p1q

ψN

ı

“

ż

NˆΩ

Enm
p1q

ψN
pn,Rqdηpn,Rq
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` 2ih̄Tr

»

–γ
p1q

ψN
Ph̄,b ¨

ż

Ω

∇gλp‚ ´ Rqgλp‚ ´ RqdR

fi

fl

` h̄2Tr

»

–γ
p1q

ψN

ż

Ω

∆gλp‚ ´ Rqgλp‚ ´ RqdR

fi

fl

But because g has a fixed L2 norm and is periodic

∇
ż

Ω

gλp‚ ´ Rq
2dR “ 0 “ 2

ż

Ω

∇gλp‚ ´ Rqgλp‚ ´ RqdR

Moreover
ż

Ω

∆gλp‚ ´ Rqgλp‚ ´ RqdR “ ´

ż

Ω

p∇gλq
2

“ ´λ4
ż

Ω

p∇gpλxqq
2 dx “ ´λ2 ∥∇g∥2L2 (V.11)

Therefore

Tr
”

Lh̄,bγ
p1q

ψN

ı

“

ż

NˆΩ

Enm
p1q

ψN
pn,Rqdηpn,Rq ´ ph̄λq

2 ∥∇g∥2L2 (V.12)

If we take a k variable potential Vk P L1
`

Ωk
˘

,

Tr
”

Vkγ
pkq

ψN

ı

“

ż

Ωk

γ
pkq

ψN
px1:k;x1:kqVkpx1:kqdx1:k “

ż

Ωk

ρ
pkq

ψN
Vk

To express this in terms of Husimi functions we use (V.5):

Tr
”

Vkγ
pkq

ψN

ı

“

ż

Ωk

ρpkq
mγN

Vk `

ż

Ωk

´

ρ
pkq

ψN
´ pg2λq

bk
˚ ρ

pkq

ψN

¯

Vk

“

ż

Ωk

ρpkq
mγN

Vk `

ż

Ωk

ρ
pkq

ψN

`

Vk ´ pg2λq
bk

˚ Vk
˘

Thus applying (IV.4) and using (V.12),

⟨ψN |HNψN⟩
N

“ Tr
”

pLh̄,b ` V qγ
p1q

ψN

ı

` Tr
”

wγ
p2q

ψN

ı

“

ż

NˆΩ

Enm
p1q

ψN
pn,Rqdηpn,Rq `

ż

Ω

ρ
p1q

ψN
V `

ż

Ω2

ρ
p2q

ψN
w ´ ph̄λq

2 ∥∇g∥2L2

“ Esc,h̄b rmψN s `

ż

Ω

ρ
p1q

ψN

“

V ´ g2λ ˚ V
‰

`

ż

Ω2

ρ
p2q

ψN

“

w ´ pg2λq
b2

˚ w
‰

´ ph̄λq
2 ∥∇g∥2L2
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Using V,w P L2pΩq and the fact that w and thus

pg2λq
b2

˚ wpx, yq “

ĳ

Ω2

g2λpzqg2λptqwpx ´ y ` t ´ zqdzdt

only depends on x´ y we can use the kinetic energy inequalities (IV.2) and (IV.3) to control
the errors terms:

ˇ

ˇ

ˇ

ˇ

⟨ψN |HNψN⟩
N

´ Esc,h̄b rmψN s

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

ω

ρ
p1q

ψN

“

V ´ g2λ ˚ V
‰

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ω2

ρ
p2q

ψN

“

w ´ pg2λq
b2

˚ w
‰

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

` ph̄λq
2 ∥∇g∥2L2

ď
C

h̄b
Tr

”

Lh̄,bγ
p1q

N

ı

fpλq ` ph̄λq
2 ∥∇g∥2L2

and we have

fpλq Ñ
λÑ8

0
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VI Mean field limit

In Section V, we went from the quantum N -body energy to the semi-classical energy (V.1)
(Proposition V.4). The last step needed to obtain the limit models (I.13) and (I.16) out of (V.1)
and (V.2) is to remove correlations. Indeed we see that for m P L1 pN ˆ Ωq and ρ P L1pΩq

Esc,h̄b
“

mb2
‰

“ Esc,h̄b rms EqLL
“

ρb2
‰

“ EqLL rρs

For fermionic states there are always some correlations due to anti-symmetry. Therefore the
objective of this section is to prove that all other correlations are negligible, that is to say
justifying the mean field approximation. The main tools are Lieb’s variational principle (Theorem
VI.4) for the energy upper bound in Subsection VI.1 and the De Finetti Theorem VI.10 for the
lower bound in Subsection VI.2.

VI.1 Energy upper bound
In this part we prove the energy upper bound:

Proposition VI.1: Upper energy bound

E0
N

N
ď h̄bEq,r

` Eq,r
V ` Eq,r

w ` EqLL rρs ` h̄bO
ˆ

1 ´
dpq ` rq

N

˙

` O pfpλqq ` O ph̄bλlbq

For this result, we use Hartree-Fock theory, meaning we restrict the energy to Slater
determinants. Computations are simplified by Wick’s Theorem VI.3. Hartree-Fock theory can
be extended to general one body operators (see Notation VI.2), and using Lieb’s variational
principle (Theorem VI.4) one can show that the theory still provides an approximate upper
bound for the N -body quantum energy (Proposition VI.5). Then we conclude by approaching
the semi-classical energy with the Hartree-Fock energy (Proposition VI.6).

Notation VI.2: Hartree Fock theory

Let s, t, u, v P L2pΩq, if one define the exchange operator on L1 pL2 pΩ2qq as

Ex |s b t⟩ ⟨u b v| – |s b t⟩ ⟨v b u| (VI.1)

Let γ P L1 pL2pΩqq, define

γ2 –
N

N ´ 1
p1 ´ Exq γb2 (VI.2)

Define the Hartree-Fock energy

EHF rγs – Tr rpLh̄,b ` V q γs ` Tr rwγ2s (VI.3)

With Wick’s theorem definitions (VI.2) and (VI.3) are actual statements for Slater determi-
nants.
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Theorem VI.3: Wick’s theorem

Let ψN “
1

?
N !

ŹN
j“1 ϕj P L2

´pΩNq with pϕjqj an orthonormal family, then

γ
p1q

ψN
“

1

N

N
ÿ

i“1

|ϕi⟩ ⟨ϕi|

γ
p2q

ψN
“

N

N ´ 1
p1 ´ Exq

´

γ
p1q

N

¯b2

“
1

NpN ´ 1q

N
ÿ

i,j“1

|ϕi b ϕj⟩ ⟨ϕi b ϕj ´ ϕj b ϕi|

Thus for a Slater determinant γψN
´

γ
p1q

ψN

¯

2
“ γ

p2q

ψN

and the Hartree-Fock energy is exactly what we obtain for the quantum N -body energy:

EHF
”

γ
p1q

ψN

ı

“ Tr
”

pLh̄,b ` V q γ
p1q

ψN

ı

` Tr
”

wγ
p2q

ψN

ı

Lieb’s theorem [23] extends the usual variational principle for operators of the form (VI.2).

Theorem VI.4: Lieb’s variational principle

Let γ P L1 pL2pΩqq satisfying

Tr rγs “ 1 0 ď γ ď
1

N

there exits an N -body density matrix γN and a positive operator L2 such that

γ
p1q

N “ γ γ
p2q

N “ γ2 ´ L2

We start with Lieb’s variational principle to get an energy upper bound in term of the
operator γ2. An important remark here is that we don’t assume that the interaction potential
is repulsive to get the upper bound as it is usually done when dealing with Lieb’s variational
principle. The reason why we were able to relax the assumption w ě 0 is independent of our
specific model and comes from the fact that L2 looks like an exchange term in the mean field
limit since (see (VI.8))

Tr rL2s ď
1

N ´ 1

Hence the contributions coming from this term in the computation (VI.6) will be treated as
error terms. Lieb’s variational principle has also been recently generalised in [1].
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Proposition VI.5

Let γ P L1 pL2pΩqq such that Tr rγs “ 1 and 0 ď γ ď
1

N
, then

E0
N

N
ďEHF rγs `

Tr rLh̄,bγs

h̄b
O plbq

Proof:

First we prove a lower bound for the interaction term. Using The Gagliardo-Nirenberg
inequality for ψ P L2pΩq,

∥ψ∥2L4 ď CGN

´
b

∥ψ∥L2 ∥∇ψ∥
L2

` ∥ψ∥L2

¯

along with Hölder’s, Young’s and Kato’s (IV.7) inequalities,

|⟨ψ|Vψ⟩| ď ∥ψ∥L4 ∥Vψ∥
L

4
3

ď ∥V∥L2 ∥ψ∥2L4 ď CGN ∥V∥L2

`

∥ψ∥L2 ∥∇ |ψ|∥L2 ` ∥ψ∥2L2

˘

ď CGN ∥V∥L2

ˆ

1

h̄
∥ψ∥L2 ∥Ph̄,bψ∥L2 ` ∥ψ∥2L2

˙

ď CGN ∥V∥L2

ˆ

ϵ ∥Ph̄,bψ∥2L2 `

ˆ

1 `
1

4ϵh̄2

˙

∥ψ∥2L2

˙

So for ψ2 P L2pΩq b Dom pLh̄,bq,

|⟨ψ2|wψ2⟩| ď

ż

Ω2

|wpx ´ yq| |ψ2px, yq|
2 dxdy ď ∥w∥L2

ż

Ω

∥ψ2px, ‚q∥2L4

ď CGN ∥w∥L2

ż

Ω

ˆ

ϵ ∥Ph̄,bψ2px, ‚q∥2L2 `

ˆ

1 `
1

4ϵh̄2

˙

∥ψ2px, ‚q∥2L2

˙

dx (VI.4)

“ CGN ∥w∥L2

ˆ

ϵ ∥1 b Ph̄,bψ2∥2L2 `

ˆ

1 `
1

4ϵh̄2

˙

∥ψ2∥2L2

˙

Thus〈
ψ2

ˇ

ˇ

`

CGN ∥w∥L2 ϵ
`

IdL2pΩq b Lh̄,b

˘

` w
˘

ψ2

〉
“CGN ∥w∥L2 ϵ ∥1 b Ph̄,bψ2∥2L2 ` ⟨ψ2|wψ2⟩

ě ´ CGN ∥w∥L2

ˆ

1 `
1

4ϵh̄2

˙

∥ψ2∥2L2

and

ϵCGN ∥w∥L2

`

IdL2pΩq b Lh̄,b

˘

` w ě ´CGN ∥w∥L2

ˆ

1 `
1

4ϵh̄2

˙

(VI.5)

Let γN and L2 be the operators in Theorem VI.4. Now we use (IV.4), and (VI.5):

E0
N

N
ď

Tr rHNγN s

N
“ Tr

”

pLh̄,b ` V q γ
p1q

N

ı

` Tr
”

wγ
p2q

N

ı
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“Tr rpLh̄,b ` V q γs ` Tr rw pγ2 ´ L2qs “ EHF rγs ´ Tr rwL2s

ďEHF rγs ` CGN ∥w∥L2

ˆˆ

1 `
1

4ϵh̄2

˙

Tr rL2s ` ϵTr
“`

IdL2pΩq b Lh̄,b

˘

L2

‰

˙

(VI.6)

To conclude we need to estimate the error terms. If A is an operator on L2pΩq it follows
from (VI.1) that

Tr
“`

IdL2pΩq b A
˘

Exγb2
‰

“ Tr
“

Aγ2
‰

(VI.7)

Indeed, if we decompose γ in an orthonormal family:

γ —
ÿ

iPN

λi |ui⟩ ⟨ui|

then

Tr
“`

IdL2pΩq b A
˘

Exγb2
‰

“
ÿ

i,jPN

λiλjTr
“

IdL2pΩq b A |ui b uj⟩ ⟨uj b ui|
‰

“
ÿ

i,jPN

λiλjTr rp|ui⟩ ⟨uj|q b pA |uj⟩ ⟨ui|qs

“
ÿ

i,jPN

λiλjTr r|ui⟩ ⟨uj|s Tr rA |uj⟩ ⟨ui|s “
ÿ

iPN

λ2iTr rA |ui⟩ ⟨ui|s

“Tr
“

Aγ2
‰

Taking A – IdL2pΩq, we obtain

Tr
“

Exγb2
‰

“ Tr
“

γ2
‰

and since γ is positive, with (VI.2) we can estimate

Tr rL2s “ Tr rγ2s ´ Tr
”

γ
p2q

N

ı

“
N

N ´ 1
Tr

“

γb2
´ Exγb2

‰

´ 1 “
N

N ´ 1
´

N

N ´ 1
Tr

“

γ2
‰

´ 1

ď
1

N ´ 1
(VI.8)

If ϵ Ñ 0, we can control the first error term in (VI.6) with

0 ď

ˆ

1 `
1

4ϵh̄2

˙

Tr rL2s ď
C

Nϵh̄2
(VI.9)

For the second error term, using Theorem VI.4, (VI.2) and (VI.7) for A – Lh̄,b,

0 ďTr
“`

IdL2pΩq b Lh̄,b

˘

L2

‰

“ Tr
”

`

IdL2pΩq b Lh̄,b

˘

´

γ2 ´ γ
p2q

N

¯ı

“
N

N ´ 1
Tr

“`

IdL2pΩq b Lh̄,b

˘

p1 ´ Exq γb2
‰

´ Tr
”

`

IdL2pΩq b Lh̄,b

˘

γ
p2q

N

ı

“
N

N ´ 1
Tr rLh̄,bγs ´

N

N ´ 1
Tr

“`

IdL2pΩq b Lh̄,b

˘

Exγb2
‰

´ Tr rLh̄,bγs

41



“
1

N ´ 1
Tr rLh̄,bγs ´

N

N ´ 1
Tr

“

Lh̄,bγ
2
‰

ď
1

N ´ 1
Tr rLh̄,bγs

When the kinetic energy is minimised Tr rLh̄,bγs is of order h̄b so we estimate the second
error term in (VI.6) with:

0 ď ϵTr
“`

IdL2pΩq b Lh̄,b

˘

L2

‰

ď C
ϵh̄b

N
¨
Tr rLh̄,bγs

h̄b
(VI.10)

We optimise in ϵ so the bounds in (VI.9) and (VI.10) are of the same order:

1

Nϵh̄2
“
ϵh̄b

N
ùñ ϵ “

1
?
h̄3b

“ N2δ´ 1
2 “ op1q ùñ

1

Nϵh̄2
“
ϵh̄b

N
“

1

lbN
“ Oplbq (VI.11)

so (VI.6) becomes

E0
N

N
ď EHF rγs `

ˆ

1 `
Tr rLh̄,bγs

h̄b

˙

O plbq “ EHF rγs `
Tr rLh̄,bγs

h̄b
O plbq

Recalling definitions (I.13) and (V.7), we now go from the Hartree-Fock energy to the
semi-classical energy.

Proposition VI.6: Semi-classical approximation of Hartree-Fock energy

Let n0 P N, m P L1pN ˆ Ωq such that @n ą n0,mpn, ‚q “ 0 and

0 ď m ď
1

2πl2bN
(VI.12)

then

EHF rγms “ Esc,h̄b rms ` O pfpλqq ` O ph̄bλlbq

Proof:

We start by proving that we recover the semi-classical functional from the direct terms. We
compute the kinetic term using the commutation relation (V.10) and Corollary III.3:

Tr rLh̄,bγms “2πl2b

ż

NˆΩ

mpXqTr rLh̄,bΠXs dηpXq

“2πl2b

ż

NˆΩ

mpXqEnTr rΠXs dηpXq

` 2πl2b

ż

NˆΩ

mpn,RqTr rrLh̄,b, gλp‚ ´ RqsΠngλp‚ ´ Rqs dηpn,Rq

“

ż

NˆΩ

EnmpXqdηpXq ` Oph̄blbq
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` 2πl2b

ż

NˆΩ

mpn,RqTr r2ih̄∇gλp‚ ´ RqPh̄,bΠngλp‚ ´ Rqs dηpn,Rq

´ 2πl2b

ż

NˆΩ

mpn,RqTr
“

h̄2∆gλp‚ ´ RqΠngλp‚ ´ Rq
‰

dηpn,Rq (VI.13)

Using (III.6), DE : N ˆ Ω Ñ R such that

2πl2bΠnpx, xq “ 1 ` lbEpn, xq

|Epn, xq| ď Cpnq

With (V.11),

´ 2πl2b

ż

NˆΩ

mpn,RqTr
“

h̄2∆gλp‚ ´ RqΠngλp‚ ´ Rq
‰

dηpn,Rq

“ ´ h̄2
ż

NˆΩ

mpn,Rq

¨

˝

ż

Ω

∆gλpx ´ Rq p1 ` lbEpn, xqq gλpx ´ Rqdx

˛

‚dηpn,Rq

“ ph̄λq
2 ∥∇g∥2L2 ∥m∥L1 ´ h̄2lb

ż

NˆΩ

mpn,Rq

¨

˝

ż

Ω

λ3∆gpλxqEpn, x ` Rqλgpλxqdx

˛

‚dηpn,Rq

“ ph̄λq
2 ∥∇g∥2L2 ∥m∥L1 ` ph̄λq

2O plbq “ O
`

ph̄λq
2
˘

(VI.14)

And by (III.7), DrE : N ˆ Ω Ñ R such that

Ph̄,bΠnpx, xq “
b

lb
Cpnq ` brEpn, xq

|Epn, xq| ď rCpnq

so

2πl2b

ż

NˆΩ

mpn,RqTr r2ih̄∇gλp‚ ´ RqPh̄,bΠngλp‚ ´ Rqs dηpn,Rq

“4iπl2b h̄

ż

NˆΩ

mpn,Rq

¨

˝

ż

Ω

∇gλpx ´ Rq

ˆ

Cpnq
b

lb
` brEpn,Rq

˙

gλpx ´ Rqdx

˛

‚dηpn,Rq

“O ph̄bλlbq (VI.15)

Inserting (VI.14) and (VI.15) in (VI.13), we obtain

Tr rLh̄,bγms “

ż

NˆΩ

EnmpXqdηpXq ` O ph̄bλlbq ` O
`

ph̄λq
2
˘

(VI.16)
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Let k P N˚ and Wk P L2
`

Ωk
˘

, with the Fubini theorem

Tr
“

Wkγ
bk
m

‰

“p2πl2b q
k

ż

pNˆΩq
k

mbk
pX1:kqTr

«

Wk

k
â

i“1

ΠXi

ff

dηbk
pX1:kq

“
`

2πl2b
˘k

ż

pNˆΩq
k

mbk
pX1:kq

ż

Ωk

Wkpx1:kq

˜

k
â

i“1

ΠXi

¸

px1:k, x1:kqdx1:kdη
bk

pX1:kq

“

ż

Ωk

Wkpx1:kq

¨

˚

˝

k
ź

i“1

2πl2b

ż

pNˆΩq

mpXqΠXpxi, xiqdη pXq

˛

‹

‚

dx1:k

“

ż

Ωk

Wkpx1:kq

¨

˚

˝

k
ź

i“1

ż

pNˆΩq

mpn,Rqg2λpxi ´ Rq p1 ` lbEpn, xiqq dη pn,Rq

˛

‹

‚

dx1:k

“

ż

Ωk

Wk

`

ρbk
m ˚ pg2λq

bk
˘

dx

` lb

ż

Ωk

Wkpx1:kq

¨

˝

k
ź

i“1

ż

Ω

g2λpxi ´ Rq

n0
ÿ

n“0

mpn,RqEpn, xiqdR

˛

‚dx1:k

m has finitely many filled Landau level so with the Pauli principle (VI.12), ρm P L8pΩq and

Tr
“

Wkγ
bk
m

‰

“

ż

Ωk

Wkρ
bk
m ` O

`
∥∥Wk ´ Wk ˚ pg2λq

bk
∥∥
L1

˘

` O plbq (VI.17)

Now we need to control the exchange term. It follows from (VI.1) that

Exγb2
m px, y; z, tq “ γmpx, tqγmpy, zq

so with (VI.4) for γm P L2pΩq b Dom pLh̄,bq as an integral kernel,

ˇ

ˇTr
“

wExγb2
m

‰
ˇ

ˇ “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ω2

wpx ´ yq |γmpx, yq|
2 dxdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ďCGN ∥w∥L2

ż

Ω

ˆ

ϵ ∥Ph̄,bγmpx, ‚q∥2L2 `

ˆ

1 `
1

4ϵh̄2

˙

∥γmpx, ‚q∥2L2

˙

dx

(VI.18)

With an integration by part,
ż

Ω

∥Ph̄,bγmpx, ‚q∥2L2 dx “

ż

Ω2

Ph̄,bγmpx, ‚qpyq ¨ Ph̄,bγmpx, ‚qpyqdxdy
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“

ż

Ω2

Lh̄,bγmpx, ‚qpyqγmpx, yqdxdy “

ż

Ω2

γmpx, yqLh̄,bγmp‚, xqpyqdxdy

“

ż

Ω2

γmpx, yq pLh̄,bγmq py, xqdxdy “ Tr rγmLh̄,bγms

Inserting this in (VI.18), using the cyclicity of the trace we get

ˇ

ˇTr
“

wExγb2
m

‰ˇ

ˇ “
ˇ

ˇTr
“

wExγmb2
‰ˇ

ˇ ďCGN ∥w∥L2

ˆ

ϵTr
“

Lh̄,bγ
2
m

‰

`

ˆ

1 `
1

4ϵh̄2

˙

Tr
“

γ2m
‰

˙

ď
CGN ∥w∥L2

N

ˆ

ϵTr rLh̄,bγms `

ˆ

1 `
1

4ϵh̄2

˙

Tr rγms

˙

With (VI.16), Tr rLh̄,bγms “ O ph̄bq and using Lemma V.3, Tr rγms “ ∥m∥L1 ` Oplbq so the
choice of ϵ is the same as in (VI.11) thus

Tr
“

wExγb2
m

‰

“ Oplbq

We conclude with (VI.3) and (VI.2) then (VI.16) and (VI.17) applied to V and w

EHF rγms “Tr rLh̄,bγms ` Tr rV γms `
N

N ´ 1
Tr

“

wγb2
m

‰

`
N

N ´ 1
Tr

“

wExγb2
m

‰

“

ż

NˆΩ

EnmpXqdηpXq `

ż

Ω

V ρm `
N

N ´ 1

ż

Ω2

wρb2
m ` O

`∥∥V ´ V ˚ pg2λq
∥∥
L1

˘

`
N

N ´ 1
O
`∥∥w ´ w ˚ pg2λq

b2
∥∥
L1

˘

` O plbq ` O ph̄bλlbq ` O
`

ph̄λq
2
˘

Recalling (V.7), the semi-classical energy expression (I.13), (V.8) and h̄bλ " 1,

EHF rγms “ Esc,h̄ rms ` fpλq ` O ph̄bλlbq

With the notation of Equation (I.18), we would like to define a one body operator with
saturated low Landau levels:

γρ –
L2pq ` rq

N

ż

ΩˆN

mρpXqΠXdηpXq

We need to prove that the direct term gives the limit model for qLL and to control the exchange
terms. But we cannot apply directly Lieb’s principle because with Lemma V.3 we have an error
on the trace

Tr rγρs “ 1 ` op1q and 0 ď γρ ď
1

N

To cure this we modify mρ slightly in the following technical Lemma:
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Lemma VI.7: Corrected Husimi function

Let n0 P N, m P L1pN ˆ Ωq such that @n ą n0,mpn, ‚q “ 0, ∥m∥L1 “ 1 ` op1q and

0 ď m ď
1

2πl2bN

then there exist rm P L1pN ˆ Ωq, n1 P N such that @n ą n1, rmpn, ‚q “ 0,

Tr rγ
rms “ 1, 0 ď γ

rm ď
1

N

and

Esc,h̄b rrms “ Esc,h̄b rms ` O ph̄blbq ` O ph̄b p1 ´ ∥m∥L1qq (VI.19)

The proof of this Lemma (see Section VII) consists in moving some small amount of mass
from one Landau level to another. Putting all together we obtain the upper bound.

Proof of Proposition VI.1:

Recalling (I.18), let ρ P DqLL and define

mρ,N –
dpq ` rq

N
mρ (VI.20)

then

0 ď mρ,N ď
d

L2N
“

1

2πl2bN
ż

NˆΩ

mρ,Ndη “
dpq ` rq

N
“ 1 ` op1q

We consider rmρ,N the corrected Husimi function in Lemma VI.7 associated with mρ,N , it
satisfies

Esc,h̄b rrmρ,N s “ Esc,h̄b rmρ,N s ` O ph̄blbq ` h̄bO
ˆ

1 ´
dpq ` rq

N

˙

(VI.21)

and Tr
“

γmρ,N
‰

“ 1, 0 ď γmρ,N ď
1

N
. Moreover by (VI.16),

Tr
“

Lh̄,bγmρ,N
‰

“ O ph̄bq

Thus, we can apply Propositions Proposition VI.5, Proposition VI.6 and (VI.21):

E0
N

N
ďEHF

“

γmρ,N
‰

` O plbq “ Esc,h̄b rrmρ,N s ` O pfpλqq ` O ph̄bλlbq

“Esc,h̄b rmρ,N s ` h̄bO
ˆ

1 ´
dpq ` rq

N

˙

` O pfpλqq ` O ph̄bλlbq
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“h̄bEq,r
` Eq,r

V ` Eq,r
w ` EqLL

„

dpq ` rq

N
ρ

ȷ

` h̄bO
ˆ

1 ´
dpq ` rq

N

˙

` O pfpλqq ` O ph̄bλlbq

“h̄bEq,r
` Eq,r

V ` Eq,r
w ` EqLL rρs ` h̄bO

ˆ

1 ´
dpq ` rq

N

˙

` O pfpλqq ` O ph̄bλlbq

For the last equality we use the estimate
ˇ

ˇ

ˇ

ˇ

EqLL
„

dpq ` rq

N
ρ

ȷ

´ EqLL rρs

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

1 ´
dpq ` rq

N

ˇ

ˇ

ˇ

ˇ

∥V ∥L2 ∥ρ∥L2 `

˜

1 ´

ˆ

dpq ` rq

N

˙2
¸

∥w∥L2 ∥ρ∥2L2

and
ˇ

ˇ

ˇ

ˇ

ˇ

˜

1 ´

ˆ

dpq ` rq

N

˙2
¸
ˇ

ˇ

ˇ

ˇ

ˇ

ď C

ˇ

ˇ

ˇ

ˇ

1 ´
dpq ` rq

N

ˇ

ˇ

ˇ

ˇ

VI.2 Energy lower bound
In this part we prove the Energy lower bound:

Proposition VI.8: Lower bound

Let pψNqN be a sequence of minimizers of (I.7),

Esc,h̄b rmψN s ě h̄bEq,r
` Eq,r

V ` Eq,r
w ` E0

qLL ` op1q

Husimi functions are symmetric and consistent measures. The De Finetti Theorem VI.10
states that such measures are reduced to trivial measure of this kind, namely tensorized products
of one body measures and their convex combinations. This result plays an important role in the
control of correlations for the lower bound. We start by extracting some limit Husimi functions
and give their fundamental properties. Similar arguments can be found in [6, Section 2]. With
Notation V.1,

Proposition VI.9

Let pψNqN be a sequence of minimizers of (I.7), up to a subsequence

a) there exists limit Husimi functions M pkq P L8
`

pN ˆ Ωqk
˘

such that

m
pkq

ψN

˚
á

NÑ8
M pkq in the weak star topology on L8

´

pN ˆ Ωq
k
¯

(VI.22)

0 ď M pkq
ď

1

pL2pq ` rqq
k

(VI.23)
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b) M p1qpq, ‚q P DqLL and

M p1q
pn, ‚q “ 1năq

1

L2pq ` rq
` 1n“qM

p1q
pq, ‚q‘ (VI.24)

c) M pkq are the reduced densities of a symmetric measure M on pN ˆ Ωq
N and

∥∥M pkq
∥∥
L1 “ 1

d) in the sense of Radon measures

ρpkq
mψN

˚
á

NÑ8
ρMpkq (VI.25)

e) we have convergence of the potential terms:

EqLL
”

ρmψN

ı

Ñ
NÑ8

EqLL rρM s (VI.26)

Proof:

a) From inequality (V.3) the Husimi functions are uniformly bounded, with a diagonal
extraction we obtain (VI.22) and the bound (V.3) with (I.11) induce (VI.23) in the limit.

b) Now since we took a minimizer of the energy, with the upper bound Proposition VI.1
and the Kinetic energy inequalities (IV.2) and (IV.3),

E0
N

N
“Tr

”

Lh̄,bγ
p1q

ψN

ı

`

ż

Ω

V ρ
p1q

ψN
`

ż

Ω2

wρ
p2q

ψN
“ Tr

”

Lh̄,bγ
p1q

ψN

ı

ˆ

1 ` O
ˆ

1

h̄b

˙˙

ďEsc,h̄b rmρs ` h̄bO
ˆ

1 ´
dpq ` rq

N

˙

` O pfpλqq ` O ph̄bλlbq

so by (I.19) we know that

Tr
”

Lh̄,bγ
p1q

ψN

ı

“ O ph̄bq (VI.27)

Since the contribution of the potential are bounded, the only thing we have to look at are
the kinetic terms. Let mρ be the Husimi function with saturated low Landau levels defined
here (I.18). We denote

cN,n –

ż

Ω

´

m
p1q

ψN
pn, .q ´ mρpn, .q

¯

By definition of mρ and Lemma V.3 we have

ÿ

nPN

cN,n “

ż

NˆΩ

m
p1q

ψN
´

ż

NˆΩ

mρ “ 1 ´ 1 “ 0
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n ă q ùñ cN,n ď
L2

2πl2bN
` O plbq ´

1

q ` r
“ O plbq ` O

ˆ

1 ´
dpq ` rq

N

˙

n ą q ùñ cN,n “

∥∥∥mp1q

ψN
pn, ‚q

∥∥∥
L1

ě 0

Since pEnqn is increasing

ÿ

nPN

EncN,n ě

q
ÿ

n“0

EncN,n ` Eq
ÿ

nąq

cN,n “ ´

q´1
ÿ

n“0

pEq ´ EnqcN,n

ěO ph̄blbq ` h̄bO
ˆ

1 ´
dpq ` rq

N

˙

(VI.28)

Now we compute

Esc,h̄b rmψN s ´ Esc,h̄b rmρs “
ÿ

nPN

EncN,n `

ż

NˆΩ

V
´

m
p1q

ψN
´ mρ

¯

dη

`

ż

pNˆΩq
2

w
´

m
p2q

ψN
´ mb2

ρ

¯

dηb2 (VI.29)

From the semi-classical approximation (Proposition V.4), (VI.27) and the upper bound
(Proposition VI.1),

E0
N

N
“
⟨ψN |HNψN⟩

N
“ Esc,h̄b rmψN s ` O pfpλqq ` O

`

ph̄λq
2
˘

ďEsc,h̄b rmρs ` h̄bO
ˆ

1 ´
dpq ` rq

N

˙

` O pfpλqq ` O ph̄bλlbq

so with (V.8),

Esc,h̄b rmψN s ´ Esc,h̄b rmρs ď h̄bO
ˆ

1 ´
dpq ` rq

N

˙

` O pfpλqq ` O ph̄bλlbq (VI.30)

All the potential terms in (VI.29) are of order 1, therefore the sum in (VI.28) is bounded
and we have

O ph̄blbq ` h̄bO
ˆ

1 ´
dpq ` rq

N

˙

ď ´

q´1
ÿ

n“0

pEq ´ EnqcN,n ď
ÿ

nPN

EncN,n ď C

So
q´1
ÿ

n“0

En ´ Eq
h̄b

cN,n “ O
ˆ

1

h̄b

˙

(VI.31)

With a similar inequality as (VI.28) but with Eq`1 instead of Eq we deduce

C ě
ÿ

nPN

EncN,n ě

q
ÿ

n“0

EncN,n ` Eq`1

ÿ

nąq

cN,n “

q
ÿ

n“0

pEn ´ Eq`1qcN,n
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ě

q
ÿ

n“0

EncN,n ` Eq
ÿ

nąq

cN,n ě O ph̄blbq ` h̄bO
ˆ

1 ´
dpq ` rq

N

˙

(VI.32)

and therefore (VI.31) implies

cN,q “ O
ˆ

1

h̄b

˙

Then

ÿ

nąq

En
h̄b
cN,n “

ÿ

nPN

En
h̄b
cN,n ´

q
ÿ

n“0

En
h̄b
cN,n “ O

ˆ

1

h̄b

˙

ě
ÿ

nąq

ż

Ω

m
p1q

ψN
pn, ‚q

and

cN,q “

ż

Ω

m
p1q

N pq, RqdR ´

ż

Ω

ρpRqdR “

∥∥∥mp1q

N pq, ‚q

∥∥∥
L1

´
r

q ` r
“ O

ˆ

1

h̄b

˙

(VI.33)

From the consistency of mpkq

ψN
in Property V.2,

∥∥∥mp1q

ψN
pn1, ‚q

∥∥∥
L1

“

ż

Ω

¨

˚

˝

ż

pNˆΩqk´1

m
pkq

ψN
pn1, x1;X2:kqdηbpk´1q

pX2:kq

˛

‹

‚

dx1

“
ÿ

n2:kPNk´1

∥∥∥mpkq

ψN
pn1:k, ‚q

∥∥∥
L1

(VI.34)

Since

Nk
z J0 : qKk “

k
ğ

i“1

Ni´1
ˆ pNz J0 : qKq ˆ Nk´i

by the symmetry of mpkq

ψN
, (VI.34) and (VI.31),

ÿ

n1:kPNkzJ0:qKk

∥∥∥mpkq

ψN
pn1:k, ‚q

∥∥∥
L1

“ k
ÿ

n1ąq

∥∥∥mp1q

ψN
pn1, ‚q

∥∥∥
L1

“ O
ˆ

1

h̄b

˙

(VI.35)

Ω is bounded, thus testing (VI.22) against 1tn1:kuˆΩ P L1
´

pN ˆ Ωq
k
¯

,∥∥∥mpkq

ψN
pn1:k; ‚q

∥∥∥
L1

Ñ
NÑ8

∥∥M pkq
pn1:k; ‚q

∥∥
L1

So (VI.33) gives ∥∥M p1q
pq, ‚q

∥∥
L1 “

r

q ` r
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and with (VI.35), if n1:k P Nkz J0 : qKk, then M pkqpn1:k, ‚q “ 0 and we see that the norm (V.4)
passes to the limit:∥∥M pkq

∥∥
L1 “

ÿ

n1:kPJ0:qKk

∥∥M pkq
pn1:k, ‚q

∥∥
L1 “ lim

NÑ8

ÿ

n1:kPJ0:qKk

∥∥∥mpkq

ψN
pn1:k, ‚q

∥∥∥
L1

“ lim
NÑ8

¨

˝

ÿ

n1:kPJ0:qKk

∥∥∥mpkq

ψN
pn1:k, ‚q

∥∥∥
L1

`
ÿ

n1:kPNkzJ0:qKk

∥∥∥mpkq

ψN
pn1:k, ‚q

∥∥∥
L1

˛

‚

“ lim
NÑ8

∥∥∥mpkq

ψN

∥∥∥
L1

“ 1

If n ă 0, by (VI.31),∥∥∥∥mp1q

ψN
pn, ‚q ´

1

L2pq ` rq

∥∥∥∥
L1

ď

∥∥∥∥mp1q

ψN
pn, ‚q ´

1

2πl2bN

∥∥∥∥
L1

` O
ˆ

1 ´
dpq ` rq

N

˙

“

ż

Ω

ˆ

1

2πl2bN
´ m

p1q

ψN
pn, ‚q

˙

` O
ˆ

1 ´
dpq ` rq

N

˙

“

ż

Ω

ˆ

1

L2pq ` rq
´ m

p1q

ψN
pn, ‚q

˙

` O
ˆ

1 ´
dpq ` rq

N

˙

“ ´ CN,n ` O
ˆ

1 ´
dpq ` rq

N

˙

“ O
ˆ

1

h̄b

˙

` O
ˆ

1 ´
dpq ` rq

N

˙

so M p1qpn, ‚q “
1

L2pq ` rq
.

c) Testing (VII.10) against φq P C0
c ppN ˆ Ωq

q
q, we have

ż

pNˆΩq
q

φqm
pqq

ψN
dηbq

“

ż

pNˆΩq
k

φqpX1:qqm
pkq

ψN
pX1:kqdηbk

pX1:kq (VI.36)

Since φq P L1
´

pN ˆ Ωq
k
¯

, with (VI.22),
ż

pNˆΩq
q

φqm
pqq

ψN
dηbq

Ñ
NÑ8

ż

pNˆΩq
q

φqM
pqqdηbq (VI.37)

In order to pass to the limit in the right term of (VI.36), for the low Landau levels we use
(VI.22) on

1
pJ0:qKˆNq

k

´

φq b Id
pNˆΩq

k´q

¯

P L1
´

pN ˆ Ωq
k
¯

and for the high Landau levels we use (VI.35) and φq P L8

´

pN ˆ Ωq
k
¯

:
ż

pNˆΩq
k

φqpX1:qqm
pkq

ψN
pX1:kqdηbk

pX1:kq “

ż

Ωk

1
pJ0:qKˆNq

k

´

φq b Id
pNˆΩq

k´q

¯

m
pkq

ψN
dηbk
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`
ÿ

n1:kPNkzJ0:qKk

ż

Ωk

φqpn1:q, x1:qqm
pkq

ψN
pn1:k, x1:kqdx1:k

Ñ
NÑ8

ż

Ωk

1
pJ0:qKˆNq

k

´

φq b Id
pNˆΩq

k´q

¯

M pkqdηbk

“

ż

pNˆΩq
k

φqpX1:qqM
pkq

pX1:kqdηbk
pX1:kq (VI.38)

Thus passing to the limit in (VI.36) and inserting (VI.37) and(VI.38) we obtain

@φq P C0
c ppN ˆ Ωq

q
q ,

ż

pNˆΩq
q

φqM
pqqdηbq

“

ż

pNˆΩq
k

φqpX1:qqM
pkq

pX1:kqdηbk
pX1:kq

and this proves that the limit Husimi functions are also consistent. Testing against φq,
we also obtain that the symmetry of Husimi functions passes to the limit. Then we can
conclude with the Kolmogorov extension theorem that there exists M a symmetric measure
on pN ˆ Ωq

N whose marginals are pM pkqqk.

d) Let φk P C0pΩkq, φk is bounded and

1J0:qKk b φk P L1
´

pN ˆ Ωq
k
¯

so using (VI.22) and (VI.35)
ż

Ωk

φkρ
pkq
mψN

“

ż

pNˆΩq
k

´

1J0:qKk b φk

¯

m
pkq

ψN
dηbk

`
ÿ

n1:kPNkzJ0:qKk

ż

Ωk

φkm
pkq

ψN

Ñ
NÑ8

ż

pNˆΩq
k

´

1J0:qKk b φk

¯

M pkqdηbk
“

ż

Ωk

φkρ
pkq

M

e) Let Vk P L2pΩkq, and pVk,nqn Ă C8pΩkq a sequence regularised with a convolution to a
regular function so that

∥Vk ´ Vk,n∥L2 Ñ
nÑ8

0

we have
ż

Ωk

Vk

´

ρpkq
mψN

´ ρ
pkq

M

¯

“

ż

Ωk

Vk,n

´

ρpkq
mψN

´ ρ
pkq

M

¯

`

ż

Ωk

ρpkq
mψN

pVk ´ Vk,nq `

ż

Ωk

ρ
pkq

M pVk,n ´ Vkq

For a fixed n, since Vk,n P C0pΩkq by (VI.25) the first term goes to 0 when N Ñ 8. For the
second term we use (IV.2) if V1 “ V , (IV.3) if V2 “ w and (V.5)

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωk

ρpkq
mψN

pVk ´ Vk,nq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ω2

´

`

gkλ
˘bk

˚ ρ
pkq

N

¯

pVk ´ Vk,nq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
∥∥∥pVk ´ Vk,nq ˚

`

g2λ
˘bk

∥∥∥
L2
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ďC ∥pVk ´ Vk,nq∥L2

For the third term we use Hölder’s inequality since ρpkq

M P L8
`

Ωk
˘

so we have

lim
NÑ8

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Ωk

Vk

´

ρpkq
mψN

´ ρ
pkq

M

¯

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C ∥Vk ´ Vn,k∥L2 Ñ
nÑ8

0

Now we want to apply the De Finetti theorem to M :

Theorem VI.10: De Finetti or Hewitt-Savage

Let X be a metric space, µ P PspXNq be a symmetric probability measure with marginals
`

µpnq
˘

ně1
.

DPµ P PpPpXqq such that:

@n P N˚, µpnq
“

ż

PpΩq

ρbndPµpρq (VI.39)

For a proof of this via the the Diaconis-Freedman theorem see [7, Section 2.1.] and for some
further context one can look at [5, Section 2.2.].

Recalling the definition of the semi-classical domain (I.15), we obtain:

Proposition VI.11: Low Landau level filling of the limit factorised densities

There exists PM P P pDscq such that

@k P N˚,M pkq
“

ż

Dsc

mbkdPMpmq (VI.40)

Let µ be the push-forward measure of PM by the application

L1 pN ˆ Ωq Ñ L1pΩq

m ÞÑ mpq, ‚q

then µ P P pDqLLq and

ρ
pkq

M “

ż

DqLL

ˆ

q

L2pq ` rq
` ρ

˙bk

dµpρq (VI.41)

EqLL rρM s “

ż

DqLL

EqLL
„

q

L2pq ` rq
` ρ

ȷ

dµpρq “ Eq,r
V ` Eq,r

w `

ż

DqLL

EqLL rρs dµpρq (VI.42)
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Proof:

From Theorem VI.10 applied to M in Proposition VI.9, DPM P P pP pN ˆ Ωqq such that

@k P N˚,M pkq
“

ż

PpNˆΩq

mbkdPMpmq (VI.43)

Let φ P C0
c pN ˆ Ω,R`q, φ ‰ 0, ϵ ą 0, k P N˚, and

Aϵpφq –

$

&

%

m P P pN ˆ Ωq |

ż

NˆΩ

φdm ě
1 ` ϵ

L2pq ` rq

ż

NˆΩ

φ

,

.

-

If m P Aϵpφq, then

1 ď
L2pq ` rq

p1 ` ϵq ∥φ∥L1pηq

ż

NˆΩ

φdm ď

¨

˝

L2pq ` rq

p1 ` ϵq ∥φ∥L1pηq

ż

NˆΩ

φdm

˛

‚

k

so with (VI.23),

PM pAϵpφqq “

ż

PpNˆΩq

1AϵpφqdPM ď

ż

PpNˆΩq

¨

˝

L2pq ` rq

p1 ` ϵq ∥φ∥L1pηq

ż

NˆΩ

φdm

˛

‚

k

dPMpmq

“

˜

L2pq ` rq

p1 ` ϵq ∥φ∥L1pηq

¸k
ż

PpNˆΩq

¨

˚

˝

ż

pNˆΩq
k

φbkdmbk

˛

‹

‚

dPMpmq

“

˜

L2pq ` rq

p1 ` ϵq ∥φ∥L1pηq

¸k
ż

pNˆΩq
k

φbkdM pkq
ď

ˆ

1

1 ` ϵ

˙k

Ñ
kÑ8

0

we proved that PM pAϵpφqq “ 0 and therefore

PM

¨

˚

˝

č

φPC0
c pNˆΩ,R`q
ϵą0

P pN ˆ Ωq zAϵpφq

˛

‹

‚

“ 1 ´ PM

¨

˚

˝

ď

φPC0
c pNˆΩ,R`q
ϵą0

Aϵpφq

˛

‹

‚

“ 1

therefore for Pm almost every m P P pN ˆ Ωq,

@φ P C0
c pN ˆ Ω,R`q , ϵ ą 0,

ż

NˆΩ

φdm ă
1 ` ϵ

L2pq ` rq

ż

NˆΩ

φ (VI.44)

So for Pm almost every m P P pN ˆ Ωq, m is the density of a probability measure thus a
positive function such that ∥m∥L1 “ 1 and by (VI.44), m P L8pN ˆ Ωq and

m ď
1

L2pq ` rq
(VI.45)
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We have shown PM P P pDscq, therefore (VI.43) implies (VI.40).
Moreover if n ă q by (VI.24),

ż

Ω

1

L2pq ` rq
dx “

ż

NˆΩ

1tnuˆΩdM
p1q

“

ż

PpNˆΩq

¨

˝

ż

Ω

mpn, xqdx

˛

‚dPMpmq

so

ż

PpNˆΩq

¨

˝

ż

Ω

ˆ

1

L2pq ` rq
´ mpn, xq

˙

dx

˛

‚dPMpmq “ 0

By (VI.45) the integrand is positive thus null PM almost everywhere, we conclude that for
PM almost every m

n ă q ùñ mpn, ‚q “
1

L2pq ` rq
(VI.46)

If n ą q by (VI.24),

0 “

ż

NˆΩ

1tnuˆΩdM
p1q

“

ż

PpNˆΩq

¨

˝

ż

Ω

mpn, xqdx

˛

‚dPMpmq

Once again by (VI.45) the right integrand is positive and thus null so for PM almost every m

n ą q ùñ mpn, ‚q “ 0 (VI.47)

Finally if n “ q, since m P P pN ˆ Ωq we conclude using (VI.47) and (VI.46): for PM almost
everywhere m

ż

Ω

mpq, ‚q “

ż

NˆΩ

m ´
ÿ

năq

ż

Ω

mpn, ‚q ´
ÿ

nąq

ż

Ω

mpn, ‚q “ 1 ´
q

q ` r
“

r

q ` r
(VI.48)

Gathering (VI.45), (VI.46), (VI.47) and (VI.48), we now know that for PM almost every m
we have mpq, ‚q P DqLL. This means that µ P P pDqLLq.
Finally we compute

ρ
pkq

M “
ÿ

n1:k

M pkq
pn1:k; ‚q “

ż

Dsc

ÿ

n1:k

mbk
pn1:k; ‚qdPMpmq “

ż

Dsc

˜

ÿ

nPN

mpn; ‚q

¸bk

dPMpmq

“

ż

Dsc

ˆ

q

L2pq ` rq
` mpq; ‚q

˙bk

dPMpmq “

ż

DqLL

ˆ

q

L2pq ` rq
` ρ

˙bk

dµpρq

“

ż

DqLL

ˆ

q

L2pq ` rq
` ρ

˙bk

dµpρq
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and

EqLL rρM s “

ż

DqLL

EqLL
„

q

L2pq ` rq
` ρ

ȷ

dµpρq “

ż

DqLL

pEq,r
V ` Eq,r

w ` EqLL rρsq dµpρq

“Eq,r
V ` Eq,r

w `

ż

DqLL

EqLL rρs dµpρq

Now we are ready for the proof of the lower bound.

Proof of Proposition VI.8:

Let ρ P DqLL, starting from (VI.29), using inequality (VI.32) and (I.19) we have

Esc,h̄b rmψN s ě Esc,h̄b rmρs ` EqLL
”

ρmψN

ı

´ EqLL
“

ρmρ
‰

` O ph̄blbq ` h̄bO
ˆ

1 ´
dpq ` rq

N

˙

“h̄bEq,r ` EqLL
”

ρmψN

ı

` O ph̄blbq ` h̄bO
ˆ

1 ´
dpq ` rq

N

˙

We conclude with (VI.26) and (VI.42) and that

Esc,h̄b rmψN s ěh̄bEq,r ` EqLL
”

ρmψN

ı

` O ph̄blbq ` h̄bO
ˆ

1 ´
dpq ` rq

N

˙

“h̄bEq,r ` EqLL rρM s ` op1q “ h̄bEq,r
` Eq,r

V ` Eq,r
w `

ż

DqLL

EqLL rρs dµpρq ` op1q

(VI.49)
ěh̄bEq,r

` Eq,r
V ` Eq,r

w ` E0
qLL ` op1q

VI.3 Conclusion
Proof of Theorem I.5:

Let pψNqN be a sequence of minimizers of (I.7), by (V.6)

EpNq

N
“

⟨ψN |HNψN⟩
N

“ Esc,h̄b rmψN s ` op1q

Since the lower bound is true up to a subsequence for which the have Proposition VI.9, for
every adherence value of EpNq{N we conclude by gathering Proposition VI.1 and Proposition
VI.8.

Proof of Theorem I.7:

With (VI.41) and (VI.25) we get

ρpkq
mψN

˚
á

NÑ8

ż

DqLL

ˆ

q

L2pq ` rq
` ρ

˙bk

dµpρq

56



Let φ P C8
`

Ωk
˘

with (V.5),
ż

Ωk

φ
´

ρpkq
mψN

´ ρ
pkq

ψN

¯

“

ż

Ωk

φ
´

pg2λq
bk

˚ ρ
pkq

ψN
´ ρ

pkq

ψN

¯

“

ż

Ωk

ρ
pkq

ψN

`

pg2λq
bk

˚ φ ´ φ
˘

Ñ
NÑ8

0 (VI.50)

by Hölder’s inequality since ∥∥∥ρpkq

ψN

∥∥∥
L1

“ 1

and φ is Lipschitz. Up to a subsequence ρpkq

ψN
converges @k P N˚ in the sense of Radon

measures. But with (VI.50) this limit coincides with the one of ρpkq
mψN

so we obtain (I.23).
Moreover by (VI.49) and Proposition VI.1

E0
qLL ě

ż

DqLL

EqLL rρs dµpρq ` op1q

thus µ only gives mass to minimizers of EqLL.
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VII Appendix: technical proofs
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Proof of Proposition II.7:

We start from (II.15) expressed in terms of hn:

ψnlpzq “
cn

?
Llb

e2iπl
x
L

ÿ

kPZ

hn

ˆ

1

lb

„

y ` kL ` l
L

d

ȷ˙

e2iπkd
x
L

Define

gpuq – hn

ˆ

1

lb

„

y ` uL ` l
L

d

ȷ˙

e2iπdu
x
L

so we have

ψnlpzq “
cn

?
Llb

e2iπl
x
L

ÿ

kPZ

gpkq (VII.1)

in order to apply the Poisson summation formula to g. To do so, we compute ĝ with a change
of variable and equations (I.9) and (II.19):

ĝpνq “
1

?
2π

ż

R

hn

ˆ

1

lb

„

y ` uL ` l
L

d

ȷ˙

e´iupν´2πd x
Lqdu

“
lb

L
?
2π
eip

y
L

` l
dqpν´2πd x

Lq
ż

R

hnpuqe´i
ulb
L pν´2πd x

Lqdu

“
lb

L
?
2π
eip

y
L

` l
dqpν´2πd x

Lq
xhn

ˆ

lb
L
ν ´

x

lb

˙

“
p´iqnlb
L

eip
y
L

` l
dqpν´2πd x

Lqhn

ˆ

lb
L
ν ´

x

lb

˙

so by using (I.9) again:

ĝp2πkq “
p´iqnlb
L

eip
y
L

` l
dqp2πk´2πd x

Lqhn

ˆ

2πk
lb
L

´
x

lb

˙

“
p´iqnlb
L

e
´ixy

l2
b

´2iπl x
L e2iπkp

y
L

` l
dqhn

ˆ

1

lb

„

k
L

d
´ x

ȷ˙

To conclude the computation we insert this after applying the Poisson summation formula
(II.18) to (VII.1):

ψnlpzq “
cn

?
Llb

e2iπl
x
L

?
2π

ÿ

kPZ

ĝ p2πkq

“
cn

?
Llb

¨

?
2πp´iqnlb

L
e

´ixy
l2
b

ÿ

kPZ

Hn

ˆ

1

lb

„

k
L

d
´ x

ȷ˙

e
2iπkp yL` l

dq´ 1

2l2
b
pkLd ´xq

2

“ rcn

?
lb

L
3
2

e
´ixy

l2
b

ÿ

kPZ

Hn

ˆ

1

lb

„

x ` k
L

d

ȷ˙

e
´2iπkp yL` l

dq´ 1

2l2
b
px`kL

d q
2

by changing the sum index k to ´k, using the parity of Hermite polynomials and the relation

cn
?
2πp´iqn “ rcn
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Lemma VII.1

Let m P N, c ą 0, the following series are uniformly bounded in α, a, b:

@α P R`, a, b P r´1, 1s, α
ÿ

qPZ˚

|a ` b ` αq|m e´cpa`αqq
2

ď Cpc,mq (VII.2)

@α P r0, 1s, a P R, b P r´1, 1s, α
ÿ

kPZ

|a ` b ` αk|
m e´cpa`αkq

2

ď Cpc,mq (VII.3)

Moreover, if Pn, Qn are complex polynomials of degree n, the function

Ξpzq –
ÿ

k,qPZ

Pn

ˆ

1

lb

„

x ` k
L

d

ȷ˙

Qn

ˆ

1

lb

„

x ` qL ` k
L

d

ȷ˙

e
2iπqd y

L
´ 1

2l2
b
px`kL

d q
2

´ 1

2l2
b
px`qL`kL

d q
2

is of order
1

lb
and can be uniformly approximated as

∥∥∥∥∥∥Ξpzq ´
L

2πlb

ż

R

PnpuqQnpuqe´u2du

∥∥∥∥∥∥
L8

ď Cpnq (VII.4)

Proof:

Let α P R`, a, b P r´1, 1s. If q ě 2 then q ď 2pq ´ 1q so

@u P rq ´ 1, qq, |a ` b ` αq|m e´cpa`αqq
2

ď p2 ` 2αuq
me´cpa`αuq2

and

α
ÿ

qě2

|a ` b ` αq|m e´cpa`αqq
2

ď

8
ż

1

p2 ` 2αuq
me´cpa`αuq2

ď

ż

R

p2 ` 2uq
me´cpa`uq2du ď Cpc,mq

the term for q “ 1 is

α |a ` b ` α|
m e´cpa`αq2

ď C

for the negative q, we see that

α
ÿ

qď´1

|a ` b ` αq|m e´cpa`αqq
2

“ α
ÿ

qě1

|´a ´ b ` αq|m e´cp´a`αqq
2

ď Cpc,mq

because ´a,´b P r´1, 1s.
For (VII.3), let α P r0, 1s, a P R, b P r´1, 1s. We see that the series is α-periodic in a so we
can assume 0 ď a ď 1 and use (VII.2) and for k “ 0:

α |a ` b|m e´ca2
ď 2m

Now we use this result to prove the approximation of Ξ. Due to the Gaussian factor, all
terms for which q ‰ 0 have a fair chance to vanish when lb Ñ 0. Thus, we focus first on the
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term indexed by q “ 0. To simplify notation we introduce

ub,x –
1

lb

ˆ

x ` u
L

d

˙

“
x

lb
` 2πu

lb
L

(VII.5)

ξpuq – Pn pub,xqQn pub,xq e´ub,x
2

Ξ|q‰0pzq – Ξpzq ´
ÿ

kPZ

ξpkq

so

ÿ

kPZ

ξpkq “
ÿ

kPZ

Pn

ˆ

1

lb

„

x ` k
L

d

ȷ˙

Qn

ˆ

1

lb

„

x ` k
L

d

ȷ˙

e
´ 1

l2
b
px`kL

d q
2

is the term for q “ 0 and Ξ|q‰0pzq contains the other terms.
Note that Ξ is L{d-periodic in x so we can choose x P r0, L{ds and

x

lb
ď 2π

lb
L

Ñ
NÑ8

0 (VII.6)

For q “ 0, if we replace the sum in k by the associated integral we obtain:
ż

R

ξpuqdu “
L

2πlb

ż

R

PnpuqQnpuqe´u2du

which is the approximation in (VII.4). For the convergence of the Riemann sum, we compute
the derivative of the integrand. There exists Rn a polynomial of degree 2n ` 1 such that

ξ1
puq “ 2π

lb
L
Rn pub,xq e´ub,x

2

Now, use the mean value theorem:
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

kPZ

ξpkq ´

ż

R

ξpuqdu

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

kPZ

k`1
ż

k

|ξpkq ´ ξpuq| du ď 2π
lb
L

ÿ

kPZ

sup
kďuďk`1

|Rn pub,xq| e´ub,x
2

(VII.7)

To control this we only need to control monomials. If k ď u ď k ` 1,

|ub,x|
m e´ub,x

2

ď |kb,x|
m e´kb,x

2

`

ˇ

ˇ

ˇ
pk ` 1qb,x

ˇ

ˇ

ˇ

m

e´pk`1qb,x
2

` |kb,x|
m e´pk`1qb,x

2

`

ˇ

ˇ

ˇ
pk ` 1qb,x

ˇ

ˇ

ˇ

m

e´kb,x
2

“ |kb,x|
m e´kb,x

2

`

ˇ

ˇ

ˇ
pk ` 1qb,x

ˇ

ˇ

ˇ

m

e´pk`1qb,x
2

`

ˇ

ˇ

ˇ
pk ` 1qb,x´L

d

ˇ

ˇ

ˇ

m

e´pk`1qb,x
2

`

ˇ

ˇ

ˇ
kb,x`L

d

ˇ

ˇ

ˇ

m

e´kb,x
2

Thus after some change of indices,

2π
lb
L

ÿ

kPZ

sup
kďuďk`1

|ub,x|
m e´ub,x

2

ď 2π
lb
L

ÿ

kPZ

´

2 |kb,x|
m

`

ˇ

ˇ

ˇ
kb,x´L

d

ˇ

ˇ

ˇ

m

`

ˇ

ˇ

ˇ
kb,x`L

d

ˇ

ˇ

ˇ

m¯

e´kb,x
2
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Using (VII.3) with α “ 2π
lb
L

Ñ 0, a “
x

lb
, b P

"

0, 2π
lb
L
,´2π

lb
L

*

, c “ 1:

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

kPZ

ξpkq ´

ż

R

ξpuqdu

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cpnq

We next control Ξ|q‰0. Let ϵ ą 0, with Young’s inequality:

´

ˆ

x

lb
` 2πk

lb
L

˙

¨ q
L

lb
ď
ϵ

2

ˆ

x

lb
` 2πk

lb
L

˙2

`
1

2ϵ

ˆ

q
L

lb

˙2

so

e
´ 1

2

´

x
lb

`2πk
lb
L

¯2
´ 1

2

´

x
lb

`2πk
lb
L

`q L
lb

¯2

ď e
´p1´ ϵ

2q
´

x
lb

`2πk
lb
L

¯2
´p 1

2
´ 1

2ϵq
´

q L
lb

¯2

We take ϵ “ 3{2. As in (VII.7), we need to deal with monomial terms of the form

ÿ

q‰0,k

ˇ

ˇ

ˇ

ˇ

x

lb
` 2πk

lb
L

ˇ

ˇ

ˇ

ˇ

m ˇ

ˇ

ˇ

ˇ

q
L

lb

ˇ

ˇ

ˇ

ˇ

rm

e
´ 1

4

´

x
lb

`2πk
lb
L

¯2
´ 1

6

´

q L
lb

¯2

by using

• (VII.2) for the sum in q with α “
L

lb
, a “ 0, b “ 0, c “

1

6

• (VII.3) for the sum in k with α “ 2π
lb
L

Ñ 0, a “
x

lb
Ñ 0, b “ 0, c “

1

4

We conclude that

ˇ

ˇΞ|q‰0

ˇ

ˇ ď Cpnq
L

lb
¨
lb
L

“ Cpnq

Proof of Proposition III.2:

We start from (III.5):

Πnpz, zq “
1

∥hn∥2L2 Llb

ÿ

k,qPZ

hn

ˆ

1

lb

„

x ` k
L

d

ȷ˙

hn

ˆ

1

lb

„

x ` qL ` k
L

d

ȷ˙

e2iπqd
y
L

We apply Lemma VII.1 and thus compute

1

∥hn∥2L2 Llb

ż

R

hn

ˆ

x

lb
` 2πu

lb
L

˙2

du “
1

Llb
¨
L

2πlb
“

1

2πl2b

and obtain (III.6). Starting again from (III.5) and using notation (VII.5), we compute in
Landau gauge

pPh̄,bΠnqpx, yq
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“

ˆ

ih̄Bx1 ´ bx2
ih̄Bx2

˙

1

∥hn∥2L2 Llb
e
i
y1y2´x1x2

l2
b

ÿ

k,qPZ

hn pkb,x1qhn pkb,y1`qLq ¨ e2iπk
y2´x2
L

`2iπdq
y2
L

“
1

∥hn∥2L2 Llb
e
i
y1y2´x1x2

l2
b

ÿ

k,qPZ

h̄

lb

ˆ

ih1
n pkb,x1q

kb,x1hn pkb,x1q

˙

hn pkb,y1`qLq ¨ e2iπk
y2´x2
L

`2iπdq
y2
L

So

pPh̄,bΠnqpz, zq “
b

∥hn∥2L2 L

ÿ

k,qPZ

ˆ

ih1
n pkb,xq

kb,xhn pkb,xq

˙

hn pkb,x`qLq e2iπdq
y
L

and with Lemma VII.1,∥∥∥∥∥∥pPh̄,bΠnqpz, zq ´
L

2πlb
¨

b

∥hn∥2L2 L

ż

R

ˆ

ih1
npuq

uhnpuq

˙

hnpuqe´u2du

∥∥∥∥∥∥
L8

ď Cpnqb

Proof of Lemma V.3:

mγk is positive because @X P N ˆ Ω, ΠX and γk are positive. With Corollary III.3,

mγkpX1:kq ď ∥γk∥L8

k
ź

i“1

Tr rΠXis “ ∥γk∥L8

ˆ

1

2πl2b
` O

ˆ

1

lb

˙˙k

“
∥γk∥L8

p2πl2b q
k

p1 ` Oplbqq

Then, with the resolution of identity (III.3) we have
ż

pNˆΩqk

mγkdη
bk

“ Tr rγks

Since @X P N ˆ Ω, ΠX and mk are positive γmk is also positive. (III.3) also implies

γmk ď
`

2πl2b
˘k ∥mk∥L8

ż

pNˆΩqk

k
â

i“1

ΠXidη
bk

pX1:kq “
`

2πl2b
˘k ∥mk∥L8

Finally, using Corollary III.3,

Tr rγmks “ p2πl2b q
k

ż

pNˆΩqk

mkpX1:kqTr

«

k
â

i“1

ΠXi

ff

dηbk
pX1:kq “

ż

pNˆΩqk

mkdη
bk

` Oplbq

“ ∥mk∥L1 ` Oplbq

ΠX P L1pL2pΩqq is positive, thus it can be diagonalized:

ΠX “
ÿ

iPN

λi,X |ψi,X⟩ ⟨ψi,X | with λi,X ě 0 and
ÿ

iPN

λi,X “ Tr rΠXs
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We have

m
γ

pkq

N
pX1:kq “

ÿ

i1:kPNk

˜

k
ź

j“1

λij ,Xj

¸

Tr

«

γ
pkq

N

ˇ

ˇ

ˇ

ˇ

ˇ

k
â

j“1

ψij ,Xj

〉〈
k
â

j“1

ψij ,Xj

ˇ

ˇ

ˇ

ˇ

ˇ

ff

“
ÿ

i1:kPNk

˜

k
ź

j“1

λij ,Xj

¸

Tr

«

γN

ˇ

ˇ

ˇ

ˇ

ˇ

k
â

j“1

ψij ,Xj

〉〈
k
â

j“1

ψij ,Xj

ˇ

ˇ

ˇ

ˇ

ˇ

b IdL2pΩN´kq

ff

(VII.8)

Let ψ1:N P L2pΩq be an orthonormal family, we claim that
ˇ

ˇ

ˇ

ˇ

ˇ

k
â

i“1

ψi

〉〈
k
â

i“1

ψi

ˇ

ˇ

ˇ

ˇ

ˇ

b IdL2pΩN´kq ď
pN ´ kq!

N !
on L1

`

L2
´

`

ΩN
˘˘

(VII.9)

Indeed, if we consider the Slater determinant

χN –
1

?
N !

ÿ

σPSN

ϵpσq

N
â

j“1

ψσpjq

then 〈
χN

ˇ

ˇ

ˇ

ˇ

ˇ

˜
ˇ

ˇ

ˇ

ˇ

ˇ

k
â

i“1

ψi

〉〈
k
â

i“1

ψi

ˇ

ˇ

ˇ

ˇ

ˇ

b IdL2pΩN´kq

¸

χN

〉

“
1

N !

ÿ

σ,τPSN

ϵpστq

〈
k
â

i“1

ψi

ˇ

ˇ

ˇ

ˇ

ˇ

k
â

i“1

ψτpiq

〉〈
N
â

i“1

ψσpiq

ˇ

ˇ

ˇ

ˇ

ˇ

˜

k
â

i“1

ψi

¸

b

N
â

i“k`1

ψτpiq

〉

“
1

N !

ÿ

σ,τPSN

ϵpστq

˜

k
ź

i“1

δσpiq,iδτpiq,i

¸

N
ź

i“k`1

δσpiq,τpiq “
1

N !

ÿ

σPSN

k
ź

i“1

δσpiq,i “
pN ´ kq!

N !

If the Slater determinant does not contain the ψ1:k then the result of this computation is 0,
thus we obtain (VII.9). Then with (VII.8) and Corollary III.3,

m
γ

pkq

N
pX1:kq ď

pN ´ kq!

N !

ÿ

i1:kPNk

˜

k
ź

j“1

λij ,Xj

¸

Tr rγN s “
pN ´ kq!

N !
Tr rγN s

k
ź

j“1

Tr
“

ΠXj

‰

“
pN ´ kq!

p2πl2b q
k
N !

Tr rγN s p1 ` O plbqq

Proof of Property V.2:

Let k ą q ě 1 and X1:q P pN ˆ Ωqq. Recalling the results of Subsection IV.1, we prove that
the N -body Husimi functions are consistent marginals using (III.3):

ż

pNˆΩq
k´q

mpkq
γN

pX1:kqdηpXq`1:kq “ Tr

»

—

–

ż

pNˆΩq
k´q

γ
pkq

N

k
â

i“1

ΠXidηpXq`1:kq

fi

ffi

fl
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“ Tr

«

γ
pkq

N

q
â

i“1

ΠXi b Idbpk´qq

NˆΩ

ff

“ Tr

«

γ
pqq

N

q
â

i“1

ΠXi

ff

“ mpqq
γN

pX1:qq (VII.10)

The symmetry of the Husimi measures follows from the symmetry of the reduced density
matrices and (V.3) and (V.4) follow from

Tr
”

γ
pkq

N

ı

“ 1

and Lemma V.3.
For the last point we perform a straightforward computation:

ÿ

n1:kě0

mpkq
γN

pn1:k;R1:kq “ Tr

«

γ
pkq

N

ÿ

n1:kě0

k
â

i“1

Πni,Ri

ff

“

ż

Ωk

γ
pkq

N px1:k, x1:kq

k
ź

i“1

gλpxi ´ Riq
2dx1:k

“ pg2λq
bk

˚ ρpkq
γN

pR1:kq

Proof of Lemma VI.7:

First, by Corollary III.3, DE : N ˆ Ω Ñ R such that

2πl2bTr rΠXs “ 1 ` lbEpXq

|Epn,Rq| ď Cpnq

So

Tr rγms “

ż

NˆΩ

mpXq p1 ` lbEpXqq dηpXq

If Tr rγms “ 1 then m has the desired properties. If Tr rγms ă 1 we add some mass to m
where it is possible without breaking the Pauli principle. Let n1 P N and

0 ď τ ď
1

2πl2bN

we define

rmpτ, n1q – m ` min
ˆ

τ,
1

2πl2bN
´ m

˙

1nďn1

By construction

0 ď m ď rmpτ, n1q ď
1

2πl2bN
and τ1nďn1 ď rmpτ, n1q (VII.11)

We choose n1 ą n0 and remark that

Tr rγ
rms

ˆ

1

2πl2BN
, n1

˙

“
1

2πl2BN

ż

NˆΩ

1nďn1 p1 ` lbEpXqq dηpXq ě
L2

2πl2bN
n1 ´ lbCpn1q

65



Since Dn1 P N such that

L2

2πl2bN
n1 ą 1

for large enough N ,

Tr rγ
rms

ˆ

1

2πl2BN
, n1

˙

ą 1

and

Tr rγ
rms p0, n1q “ Tr rγms ă 1

and Tr rγ
rms is Lipschitz in τ , so by the intermediate value theorem Dτ ě 0 such that

with rm – rmpτ, n1q,Tr rγ
rms “

ż

NˆΩ

rmpXq p1 ` lbEpXqq dηpXq “ 1

Thus we can estimate
ÿ

nďn1

ż

Ω

min
ˆ

τ,
1

2πl2bN
´ mpn, xq

˙

dx “

ż

NˆΩ

prm ´ mq dη “ 1 ´ lb

ż

NˆΩ

rmEdη ´

ż

NˆΩ

mdη

“ Oplbq ` O p1 ´ ∥m∥L1q

so

τ “
1

L2

ż

Ω

min
ˆ

τ,
1

2πl2bN
´ mpn1, xq

˙

dx ď Oplbq ` O p1 ´ ∥m∥L1q (VII.12)

Now if Tr rγms ą 1 we remove some mass to m:

rmpτq – max p0,m ´ τq “ m ´ minpm, τq

by construction

0 ď rm ď m ď
1

2πl2bN
(VII.13)

We see that

Tr rγ
rms p0q “ Tr rγms ą 1 and Tr rγ

rms

ˆ

1

2πl2bN

˙

“ 0

so Dτ ě 0 such that

with rm – rmpτq,Tr rγ
rms “

ż

NˆΩ

rmpXq p1 ` lbEpXqq dηpXq “ 1
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and like before,
ż

NˆΩ

minpm, τqdη “

ż

NˆΩ

pm ´ rmq dη “ ∥m∥L1 ´ 1 ` lb

ż

NˆΩ

rmEdη “ Oplbq ` O p1 ´ ∥m∥L1q

“

ż

măτ

mdη `

ż

τďm

τdη “ ∥m∥L1 `

ż

τďm

pτ ´ mqdη

So

∥m∥L1 ` Oplbq ` O p1 ´ ∥m∥L1q “

ż

τďm

pm ´ τqdη ď
1

πl2bN
|1τďm|

and

τ ď
1

|1τďm|

ż

NˆΩ

minpm, τqdη “
1

|1τďm|
pOplbq ` O p1 ´ ∥m∥L1qq

ď
1

πl2bN
¨

Oplbq ` O p1 ´ ∥m∥L1q

∥m∥L1 ` Oplbq ` O p1 ´ ∥m∥L1q
“ Oplbq ` O p1 ´ ∥m∥L1q (VII.14)

With inequalities (VII.12) and (VII.14) we know that

∥m ´ rm∥L8 “ Oplbq ` O p1 ´ ∥m∥L1q (VII.15)

Finally we prove the estimate on semi-classical energies (VI.19):

|Esc,h̄b rrms ´ Esc,h̄b rms| ď

n1
ÿ

n“0

En

ż

Ω

|rmpn, ‚q ´ mpn, ‚q| `

n1
ÿ

n“0

ż

Ω

|V | |rmpn, ‚q ´ mpn, ‚q|

`

n1
ÿ

n,rn“0

ż

Ω2

|wpx ´ yq| |rmpn, xqrmprn, yq ´ mpn, xqmprn, yq| dxdy

ďL2
n1
ÿ

n“0

En ∥m ´ rm∥L8 ` pn1 ` 1q ∥V ∥L1 ∥m ´ rm∥L8

` L2 ∥w∥L1

n1
ÿ

n,rn“0

∥rmpn, ‚qrmprn, ‚q ´ mpn, ‚qmprn, ‚q∥L8

Moreover

∥rmpn, ‚qrmprn, ‚q ´ mpn, ‚qmprn, ‚q∥L8 ď ∥rmpn, ‚q∥L8 ∥rmprn, ‚q ´ mprn, ‚q∥L8

` ∥mprn, ‚q∥L8 ∥rmpn, ‚q ´ mpn, ‚q∥L8

ď ∥rm∥L8 ∥rm ´ m∥L8 ` ∥m∥L8 ∥rm ´ m∥L8

so with (VII.11) and (VII.13)

|Esc,h̄b rrms ´ Esc,h̄b rms| ď

˜

L2
n1
ÿ

n“0

En ` pn1 ` 1q ∥V ∥L1 `
L2

πl2bN
∥w∥L1 pn1 ` 1q

2

¸

¨ ∥m ´ rm∥L8

We conclude with (VII.15).
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